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A BASIS FOR FREE LIE RINGS AND HIGHER 
COMMUTATORS IN FREE GROUPS 


MARSHALL HALL, JR. 


1. Introduction. It has been shown by E. Witt! [4] that there is 
an isomorphism between free Lie rings? and the higher commutator 
groups of free groups. In terms of this isomorphism, the problem of 
finding a basis is the same in both instances. It is shown here that 
the commutators which arise in Philip Hall’s collecting process [2] 
will serve as a basis. These are called standard commutators here, 
and the corresponding terms in the Lie ring are called standard 
monomials. 

Standard monomials in a free Lie ring are defined in §2. In §3 a 
canonical process is given for reducing an arbitrary element of a Lie 
ring to a standard form, this being a linear combination of standard 
monomials. It is then proved that the standard monomials form a 
basis for the Lie ring. §4 restates the results of §3 in the appropriate 
form for higher commutators in free groups. 


2. The standard form for Lie products. We shall write the product 
of x and y in a Lie ring as [x, y]. The laws satisfied by the Lie product 
are 
(2.1.1) [x, x| = 0, 

(2.1.2) [x, y] + Ly, x] = 0, 
(2.1.3) [[x, 2] + [Ly 2], + [[s, x], = 0. 


For simpler notation we write [x, y, z] for [[x, y], z] and more gen- 
erally [u,---, un] for tn]. We also write 
[x, y; 2, w] for [[x, y], [z, w]]. This is in accord with the notation 
used by Philip Hall [2] for higher commutators in groups. 

Given an associative ring with product xy of x and y, we may put 


(2.2) [x, y] = xy — yx 


to define a Lie ring on the same elements. It has been shown con- 
versely by Garrett Birkhoff [1] and by E. Witt [4] that every Lie 


Presented to the Society, November 26, 1949; received by the editors August 16, 
1949. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 In a strict sense the “coefficients” in a free Lie ring are the integers whose mean- 
ing is derived from a+a-+ - - - +a=na and a+(—a)=0. The treatment here is also 
valid for coefficients from any field or even from various commutative rings. 
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ring has a faithful representation by an associative ring using the 
rule (2.2). In particular [1, Theorem 3], the free Lie ring generated 
by «1, ---,%, is faithfully represented by the free associative ring 
generated by x1, - - - , Xg. In the free associative ring a monomial is 
determined by the order of its factors, since all possible ways of in- 
serting parentheses yield the same element. In this sense distinct 
monomials are distinct elements, and in fact form a basis for the ring. 
In the free Lie ring, every element may be written as a linear com- 


bination of the “left normed” elements [u:, - - - , u»| [cf. 3] but these 
are not independent. Thus [x, y, x, y]=—[x, y; x, y]—|y; x, y; x] 
= (x,y, x]. 

Let L be the free Lie ring generated by «,---,x,. Then 
X1, °° *,%Xq are the monomials of degree one. If u is a monomial of 


degree r and v is a monomial of degree s, then [, v| is a monomial of 
degree r+s. Any linear combination of monomials of degree n will 
be said to be homogeneous of degree n. Every element of L may be 
written as a linear combination of monomials. If we put x =u+12, then 
(2.1.1) follows from [u, u]=0, [v, «]+ [u, 1] =0, and [v, 1] =0. Also 
(2.1.2) and (2.1.3) follow from the corresponding relations with x re- 
placed by u and v. Repeating this argument as often as necessary, we 
see that every relation in L is a consequence of the distributive laws 
and the rules (2.1) for monomials. In particular if 


(2.3) W=Wit---+W,=0, 
with each W; homogeneous of degree 1, then 


There are only a finite number of monomials of given degree n. Thus 
we shall have a basis for L if we can exhibit for each m a number of 
monomials Un, - - - , of degree such that: 

(1) Every homogeneous expression of degree m may be written asa 
linear combination of Um, Uns. 

(2) Un, +--+, Une are linearly independent. 

We shall define the standard monomials recursively, and prove in 
the next section that they have the desired properties (1) and (2). 

DEFINITION. - , x, are the standard monomials of degree one. 
If we have defined standard monomials of degrees 1, - - - , m—1, they 
are simply ordered in some way so that u<v if degree u <degree v. 
If degree u=r, degree v=s, and r+s=n, then [u, v] is a standard 
monomial if both of the following conditions hold: 

(S1) uw and v are standard monomials and u>v. 

(S2) If u=[x, y] is the form of the standard monomial u, then 
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v2y. 
An element of L will be said to be in standard form if it is a linear 
combination of standard monomials. 


3. The main theorem. 


THEOREM 3.1. The standard monomials form a basis for the free Lie 
ring L generated by x1, -- +, Xq. 


Proor. The homogeneots expressions? of degree one are linear com- 
binations of x, - --,x, and these are the standard monomials of 
degree one. Thus property (1) holds for degree »=1. Now suppose 
property (1) to hold for all degrees 1, - - - , —1. We shall reduce 
X= )oiti[ye, 2x], a homogeneous expression of degree m, to standard 
form by a canonical process which will be seen to leave \ unchanged if 
\ is in standard form. 

First step: Let > be the standard forms 
of y, and z where the w’s and v’s are standard monomials. Put 


(3.1) telye, ze] = Do trained 
k 
Second step: If w and v are standard monomials, put 
(3.3.%) [u, v] = 0 if = 2, 
(3.2.2) [u,v] = — if <2, 
(3.2.3) [u, v| = [u, v| if 


Third step: If u>v are standard monomials and u=[z, w] is the 
standard form of u, put 


(3.3.4) [ x, v| [z, w, v| if v= w, 
(3.3.2) [u, o] = — [w, 2] + [z, w] ifv<w. 


Fourth step: Return to the first step and repeat the processes until 
nothing but linear combinations of standard monomials of degree n 
remain. 


3 Throughout this section we may, with Witt, regard the free Lie ring L as a resi- 
due class ring of a free distributive, non-associative ring D. An element of L is a resi- 
due class of an ideal J in D. An “expression” is any representative of a residue class 
and the canonical process given here is a recursive method for finding a standard rep- 
resentative for each residue class. The first part of the proof consists in showing that 
there is a linear combination of standard monomials in every residue class, and the 
second part shows that there is only one. As an analogue, if we define the elements 
of a free group as classes of equivalent words, we must show that each class contains 
one and only one reduced word. 


| 
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It will be necessary for us to show that the above process ter- 
minates. From the definition of the standard monomials it is clear that 
expressions in standard form are left unaltered by the canonical 
process, and that expressions left unaltered are in standard form. 

If min (degree y, degree z) >n/3, then the process for [y, z] will 
terminate with the second step. For we obtain monomials [u,v] with 
u>v and degree v>n/3, degree u<2n/3. And if u=[z, w|, then z>w 
whence degree wS1/2 (degree u) <mn/3. Hence from their degrees 
alone v>w and (3.3.1) applies and [u, v] is in standard form. 

When the process does not terminate at the second step, then we 
go from a monomial [u, v], u>v, where u= [z, w] and z>w>v to the 
monomials [w, v, z] and [z, v, w]. Here w and z are standard mono- 
mials and z>w>v, while deg [w, v] >deg v, and deg [z, v] >deg ». 
Hence in applying the first step to [w, v, z] and [z, v, w| we get new 
expressions [u’, z], [u’”’, w] with u’, u’’, z, and w all later than 9 in 
the ordering. Hence if the process continues long enough, we shall 
eventually reach monomials [w’, v’] with min (deg u’, deg v’) >n/3, 
and as shown above the process will then terminate at the second 
step. Thus in all cases the canonical process ultimately terminates 
and yields an expression in standard form. Thus we have proved that 
the standard monomials have the first property required for a basis. 

It is to be emphasized that the canonical process puts every expres- 
sion in L into canonical form in a unique way. It will be necessary in 
proving the second property to show that different expressions for 
the same element of L lead to the same standard form. It has already 
been noted that the canonical process leaves unaltered any expression 
in standard form. 

Since the relations (2.1) are of degree at least two, they cannot 
lead to any linear relation on x1, - - - , X,, whence the second property 
for a basis holds for the standard monomials of degree one. 

We shall complete the proof of the linear independence of the stand- 
ard monomials by showing that any expression equal to zero in L has 
zero as its standard form. From the remarks of §2 we may confine our 
attention to homogeneous expressions. Now suppose the standard 
monomials of degrees 1, - - - , m—1 linearly independent and pro- 
ceed by induction. 

If h is any expression in L, let us write h* for the standard form 
given for h by the canonical process. By our induction if h=k are ex- 
pressions of degree at most »—1 for the same element, then h* =k*. 
For expressions of degree m it is easy to verify from the process that 
(—h)* = —h*, that (h+k)* =h*+k*, and that if [h, k] is of degree n, 


i 
) 
) 
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then [h, k]* = [h*, k*|*. Thus if h=0 with h of degree less than n, and 
[h, k] is of degree n, then [h, k]*=[0, k*]*=0. 

If h is any expression of degree m which has the value 0 in L, then 
h is of the form h= y]+ RJ+ TI+[7, S) 
+ B, C]+[B, C, AJ]+[C, A, B]), where in y], x or y 
has the value zero. As noted above, the canonical process will yield 
zero for these terms. Hence we must show 


(3.4.1) [R, R]* = 0, 
(3.4.2) [s, T]* + [T, S]* = 0, 
(3.4.3) [A, B, C]* + [B,C, A]* + [C, A, B]* = 0. 


From step 2 of the process, [u, u]* and [u, v]*+[v, «]* are zero if 
u and v are standard monomials. This leads to immediate verification 
of (3.4.1) and (3.4.2). 

The verification of (3.4.3) is more difficult. Suppose A = Ai+ Az. 
Then [A, B, C]*=[[A, B]*, C]*=[[4, B]*+[4,, B]*, C*]* 
B]*, c*]*+[[As, B]*, C*]*=[Ai, B, B, C]*. 
Similarly [A, B, C]* is linear in its other two components. Thus we 
may reduce the verification of (3.4.3) to the case in which each of 
A, B, Cis a standard monomial. If any two of A, B, C are equal, then 
(3.4.3) is trivial. From the cyclical symmetry of (3.4.3) suppose the 
notation such that A>B, A>C in the ordering of the monomials. 
If necessary change the sign and interchange B and C so that B>C. 
Hence we need only verify (3.4.3) with standard monomials A >B 
>C. 

If [A, B] is a standard monomial, clearly [A, B]>C and in the 
process for [A, B, C] no alteration is involved in steps i or 2. In step 
3, since B>C we put [A, B, C]=—[B, C, A]+[A, C, B]. Hence 
[A, B, C]*+[B, C, A]*+[C, A, B]*=[A, C, B]*+[C, A, B]* 
= [0, B]*=0. Note that if deg B>1/2 deg A, then [A, B] will be a 
standard monomial and the above argument will apply. As A >B>C, 
this will surely hold if deg C>n/4. We shall now use induction, as- 
suming the validity of (3.4.3) for degree m for standard commutators 
A’'>B’>C’' whenever C’>C, and for C’=C whenever B’>B. Hence 
from the linearity of (3.4.3) in each of A, B, and C, our induction 
allows us to assume the validity of (3.4.3) for A”, B’’, C’’ when each 
of these is the sum of monomials all later than C, or with C’=C 
and A”’, B” the sum of monomials all later than B. 

It remains to prove (3.4.3) with A>B>C when [A, B] is not a 
standard monomial. From (S2) this implies A=[D, E] with D>E 
>B. Here, omitting the stars: 


} 
) 
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[A, B,C] = [D, E, B,C] = — [E, B, D,C] + [D, B, E,C] 
= [D,C; E, B] — [E, B,C, D] 
— [E,C; D, B| + [D, E] 
(3.5.1) = [D,C; E, B] + [B,C, E, D] — [E,C, B, D] 


+ [D, B; E,C] — [B, C, D, E] + [D, C, B, E] 
[D, C; E, B] + [B, C, E, D] — [E, C, B, D] 
+ [D, B; E,C] + [D, E; B,C] — [B, C, E, D] 
+ [D, C, B, E]. 


Here since deg [E, B]>deg B and D>B we have applied the induc- 
tion to replace [E, B, D, C| by —[D, C; E, B|+[E, B, C, D]. Similar 
considerations apply elsewhere. 


(3.5.2) [B, C, A] = [B, C; D, E] = — [D, E; B, C], 
[c, A, B] = — [A,C, B] = — [D, E,C, B] 
= [E,C, D, B| — [D,C, E, B] 
(3.5.3) 
= — [D, B; E,C] + [E,C, B, D] — [D,C; E, B 
— [D,C, B, E]. 
Adding together (3.5.1), (2), and (3) we have 
(3.5.4) [A, B, C]* + [B, C, A]* + [C, A, B]* = 0, 


completing the proof of the theorem. 


4. The theorem for higher commutators in groups. In the free 
group F with free generators - - - , if we write a~'b—'ab =(a, b) 
to define a commutator, there is a correspondence with elements in 
the free Lie ring L if we put (a, b) in correspondence with [a, 6]. If 
F, is the group generated by commutators of weight » and higher in 
F, then this correspondence, as Witt has shown, yields an iso- 
morphism between the additive group of the homogeneous elements 
of degree m in L and the multiplicative group F,/F,4;. Thus we may 
apply the main theorem to F merely by translating our terms. 

DEFINITION. In F the generators x, - - - , x, are the standard com- 
mutators of weight one. Suppose that standard commutators of 
weights 1, - - - , #—1 have been defined and simply ordered so that 
u<v if weight u<weight v. Then (u, v) of weight m is a standard 
commutator if both the following conditions hold: 

(S1) u, v are standard commutators and u>v2, 

(S2) If wu is the commutator (z, w), then v2 w. 
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From Theorem 3.1 and the isomorphism established by Witt, we 
find immediately: 


THEOREM 4.1. The standard commutators of weight n are a basis of 
Frais. 


It will not be difficult for the reader to verify that the standard 
commutators are precisely those which arise in Philip Hall’s collect- 
ing process given in [2]. Note that if (a, b) and c are commutators 
which arise in the collecting process, then it is clearly necessary for 
the existence of (a, D, c) in the collecting process that: (1) ¢ is col- 
lected before (a, b); and (2) for (a, b) to exist when c is collected, 
either c=b or c is collected after bD. 
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INFINITE-DIMENSIONAL IRREDUCIBLE REPRESENTA- 
TIONS OF CERTAIN GROUPS 


F. I. MAUTNER 


Various considerations in the study of unitary representations of 
groups lead to the following question (cf. [1] and [2]):! Given a group 
G every one of whose elements has only a finite number of distinct 
conjugates; is every irreducible unitary representation of G finite- 
dimensional? Attempts have been made to prove that the answer is 
affirmative; in this note we give examples which settle the problem 
in the negative. These examples also show that the structure of the 
unitary representations of even countable discrete groups is more 
complicated than the so far existing theory (cf. [3], [4], and [5]) 
would lead one to expect. We shall come back to this point elsewhere. 

Let F be any field with a finite number of elements a, 8, - - - and 
& the group of all matrices 


with a and 6 arbitrary elements of F, a0. Let a be the subgroup of 


( ) 


and b the subgroup of matrices 


(0s) 


Let x(b) be an arbitrary character of the commutative group b, that 
is, b—x(b) is a homomorphism of b to the multiplicative group of 
complex numbers of absolute value one. We shall need the following 
lemma for which F need not yet be finite. 


Lema 1. If there exists an element a of a, a~identity of a, such that 
x(aba) =x(b) for all elements b of b, then x(b) =1 for all b. 


Proor. The proof is obvious. 
Let G be the group all infinite sequences (g:, go, - - - ) where each 
gn.©é and each sequence has only a finite number of elements not 
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equal to the identity element e of g; elements of G are to be multi- 
plied componentwise. Then it is clear that each element of G has only 
a finite number of distinct conjugates. 

Let A be the subgroup of those elements A = (g;, ge, - - - ) of G for 
which each g, Ga and similarly B be the subgroup of those elements B 
all of whose components are in b. Since every element g of g is a 
unique product g=ba with b€b, a€a, therefore every element G of 
G can be written uniquely as a product G=BA with BEB, ACA. 

For every character X(B) of the commutative group B we now de- 
fine a unitary representation of the group G in a Hilbert space H as 
follows. Let H consist of all those complex-valued functions f(A) de- 
fined on A for which |f(A)|?< ©. With every element 
A, of A we associate the unitary operator U(Ao): f(A)—f(AApo), and 
with every ByCB the operator U(Bo): f(A) —-~X(AB,A™)f(A). If 
G=BA let U(G)=U(B)U(A), then it is immediately verified that 
G—U(G) is a unitary representation of G, that is, a homomorphism 
of G into the multiplicative group of unitary operators of H. 

Let X(B) = []*.1 x.(b.) where x,(b) is for each m a character of 
b and 6, the mth component of B. 


Lemma 2. If X(B) ts such that x,(b) 1s not the constant character for 
any n, then the above representation 1s irreducible, that 1s, there are no 
proper closed linear subspaces of H invariant under all the U(G). 


Proor. Suppose there is a bounded linear operator C in H which 
commutes with all U(G). Then CU(A) = U(A)C for all A implies by 
Lemma 5.3.2 of [6] that there exists a complex-valued function c(A) 
defined on A such that 


(Cf)(A)= (AA™)f(A’). 
A‘'EA 


Now U(B)C=CU(B) for all BEB implies 
(1) X(ABA™)c(A) = X(B)c(A) for all AC Aand BE B. 


If there is an A such that X(ABA)=X(B) for all B then 
Xn(@nba;, ') =x,(b) for all bE b, a, being the mth component of this A. 
By hypothesis x,(b) is not the constant character of b, therefore 
Lemma 1 implies that a, =e for all nm, hence A = E=identity element 
of A. Thus for any AE there exists an element B such that 
X(ABA-") #X(B). Therefore equation (1) implies c(A)=0 for all 
A+E. Hence C is a scalar multiple of the identity transformation of 
H. 

Thus we have constructed infinite-dimensional irreducible unitary 
representations of G in a completely elementary manner. 
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A NOTE ON THE CHARACTERISTIC POLYNOMIALS 
OF CERTAIN MATRICES 


WILLIAM T. REID 


The purpose of this note is to establish the following theorem on 
matrices with elements in an arbitrary field §.' In particular, J de- 
notes the m Xn identity matrix; 0 is used for the zero matrix, square 
or rectangular, its dimensions being clear in each case from the con- 
text. The determinant of an m Xn matrix M(A) with elements in (A), 
the ring of polynomials in \ with coefficients in §, is denoted by 

MQ)| ; in particular, if M is an m Xn matrix with elements in §, then 
AI —M| is the characteristic polynomial of M. 


THEOREM. If A is an nXm matrix, and D is an nXn matrix, then 
in order that |\I—AB| =|\I—AB—D| for arbitrary mXn matrices 
B it is necessary and sufficient that D be nilpotent and DA =0. In 
particular, if C is an mXn matrix, then in order that |\I—AB| 


=|AI— A(B+C)| for arbitrary mXn matrices B it is necessary and 
sufficient that ACA=0. 


Presented to the Society, September 2, 1949; received by the editors April 5, 
1949 and, in revised form, July 23, 1949. 

1 In the original manuscript of this paper attention was restricted to § the field 
of complex numbers. The proof there given of the fact that the ah of D and 
DA=0 imply |AT—AB| =|,J—AB—D], for arbitrary B, was valid for arbitrary 
fields §. The proof here given of the necessity of DA =0 for 


§ an arbitrary field was 
suggested by the referee. 
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An alternate proof of the sufficiency part of the statement in the 
last sentence of the theorem has been obtained recently by Parker,? 
in generalizing an earlier result of A. Brauer.’ 

The principal tool used in the proof of the above theorem is the 
fact that a matrix D is nilpotent if and only if *=|\J—D]. That 
\"=|AJ—D| implies the nilpotency of D follows from the Cayley- 
Hamilton theorem. On the other hand, if D is nilpotent of index s, 
then |\J—D*| =\" for r2s, while if M=|AJ—D"| for r=t+1>1, 
then |AJ—D*| -|\7+D*| =|\7—D*| =|d27| so that |AJ—D*| 
=", and by induction |AT—D| =". 

The sufficiency part of the statement in the first sentence of the 
above theorem is established by noting that if D is nilpotent and 
DA=0, then \"|AJ—AB| =| (AJ—D)(I—AB)| 
and |AJ—AB|=|\J—AB—D| for arbitrary 
m Xn matrices B. 

On the other hand, suppose that |AI—AB| =|AJ—AB—D]| for 
all m Xn matrices B. The choice B =0 gives |AJ—D| =*, and hence 
the nilpotency of D. Then |\J—\(AB+D)| =d"|AJ—(AB+D)| 
=|AI—D|-|\J—AB| for arbitrary m 


Xn matrices B. Now if DA = K =||Kial| (¢=1,---,2;B=1, ---,m) 
has a nonzero element Ky,, then the choice 
=1,---,m;j=1,---,m) gives (¢, 7=1, - - -,) 
with G;;=0 if G,,»=1. If D=H=||H;,|| j=1, - --, ), 


then from the above, = This is impossible, 
however, since |\*J—-\H+G| where Rij) 
if p, Rip(A) =Giy, and consequently |RA)| is a non- 
zero polynomial \*"*-*+ terms of lower degree. Hence DA =0, and the 
statement of the first sentence of the theorem is proved. 

The second sentence of the theorem follows from the first part, 
together with the remark that if D=AC, then 0=DA =ACA implies 
0=DAC=D*' so that D is nilpotent. 


NORTHWESTERN UNIVERSITY 


2,W. V. Parker, On the characteristic equations of certain matrices, Bull. Amer. 
Math. Soc. vol. 55 (1949) pp. 115-116. 

3 Alfred Brauer, On the characteristic equations of certain matrices, Bull. Amer. 
Math. Soc. vol. 53 (1947) pp. 605-607. 
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ON THE MATRIC EQUATION X°+AX+XB+C=0 
WILLIAM E. ROTH 
The equation 
(1) X?+AX+XB+C =0, 


where A, B, and C are nm Xn matrices with elements in F, the field of 
complex numbers or a subfield thereof will be solved for nxn 
matrices X with elements in F. Throughout the discussion which fol- 
lows, the elements of all matrices and the coefficients of all poly- 
nomials which arise will be in the field F even when this is not spe- 
cifically stated. Moreover the similarity of matrices and the re- 
ducibility of polynomials will be valid under the rational operations 
of F. 

It should be remarked that equation (1) becomes unilateral if X 
be replaced by Y—A or by Z—B and in that form has been studied 
heretofore.! This fact was noted by the writer only after the essentials 
of the present note had been discovered. 


1. Necessary conditions. Let 
-—C, A 
and let X be any solution of (1) with elements in F;? then 


0 ) 


X+A, 0 
R and ( ) 
—-X-—B 


(2) 


Thus the matrices 


are similar, and |R—AI| is reducible to polynomials f(A) and g(A), 


Presented to the Society, September 1, 1949; received by the editors June 29, 1949. 

1 Ingraham, Rational methods in matric equations, Bull. Amer. Math. Soc. vol. 47 
(1941) pp. 61-70; Roth, On the unilateral equation in matrices, Trans. Amer. Math. 
Soc. vol. 32 (1930) pp. 61-80. Either paper cites further references. 

? The letter J will represent unit matrices of order m or 2m to agree with that of 
other matrices in the same expression. Thus in R above J is of order n. 
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namely the characteristic polynomials of X+A and —X—B, respec- 
tively, with coefficients in F. The following theorem, which is im- 
plied by the above, will be a guide in the quest of solutions of the 
given equation. 


THEOREM I. If equation (1) has a solution with elements in F, then 
there exists at least one pair of polynomials f .(d) of degreea <n and ge(d) 
of degree BSn with coefficients in F such that f.(R)gs(R)=0, where 
fa(d)ga(X) is not necessarily the minimum polynomial satisfied by R but 
is a divisor of |R—I| and such that f.(X +A) =0 and gs(—X—B)=0. 


Polynomials f.(A) and gg(A), of degree an and B Sn respectively, 
such that fa(A)ge(A) is a divisor of |R—XI| and a multiple of the 
minimum polynomial satisfied by R will be designated as admissible 
polynomials. 


Let fa(A) be an admissible polynomial such that f.(X+A)=0, 
where X is a solution of (1) and let 


falR) = 


where U, V, M, and N are polynomials in the matrices A, B, and C; 
hence according to (2) we have 


M, U — MX 


and consequently the equations, 


(3) XM+N=0, XU+V=0, 
are simultaneously satisfied whether M be singular or not, and 
(4) x, = (x, 
V, N 
Now let 


1400 


and M be nonsingular.* Then f.(R) and M have the same rank n 


? It can be shown that M is singular only if, but not necessarily if, fa(A) and gg(A) 
have a common factor. 


— 
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and a unique solution of this equation exists such that 

(5) U-—MX:=0, V—WNX:=0. 

We shall show that X; so obtained is also a solution of (1) and that 
(6) Xi = — M-\(X + B)M -A, 


where X is a solution of (1) and as such satisfies (4). 


Because R and f.(R) are commutative, we readily obtain the rela- 
tions: 


N=U+MA-+ BM, 


7 
@) V = BU — UB— MC =AN — NA —-CM, 
and by (5) 

V — NX, = BU — UB— MC —(U+MA+ BM)X; 


BMX, — MX,B — MC — (MX, + MA + BM)X; 
— M(X:+AX,:+ =0. 


Now JM is nonsingular and X; is therefore a solution of (1). Equation 
(6) follows from (3), (5), and the first equation of (7). 

The solutions X and X, of equation (1) are such that f.(X +A) =0 
and f.(—X:—B) =0 and arise in case f,(R) and 


( 
M, 0 
are equivalent under elementary transformations since 


The following theorem is proved. 


THEOREM II. If X is a solution of equation (1) with elements in F, 
then there exists a polynomial f.(d) of degree an with coefficients in 
F such that equation (4) is satisfied. If in addition M is nonsingular, 
X,= —M-"(X+ B) M—A is also a solution of (1) with elements in F. 


2. The converse problem. We shall state the theorem: 


THEOREM III. Jf fa(A) is a polynomial of degree aSn with coeffi- 
cients in F such that 


| 
| 
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= (0) 


is of rank n and if M is nonsingular, then X such that (X, I)f.(R)=0 
is a solution of equation (1) with elements in F and X,= —M-'(X+B)M 
—A is likewise such a solution. 


The proof of this theorem is entirely analogous to that above by 
which X, was shown to be a solution of (1) and will not be given 
here. Though Theorem III holds for any polynomial f,(A) of what- 
ever degree in A; those of lowest degree which may satisfy the 
hypotheses will be found only among the admissible polynomials 
defined above. 


Addendum. The referee’s suggestion that the results above might 
be extended to the equation 


XDX + AX + XB+C=0, 


where D is nonsingular, was anticipated by Professor James H. Bell 
in a letter to the writer dated March 3, 1949. This generalization 
appeared of slight significance because the product of this equation on 
the right (on the left) by D can readily be transformed to (1) in case 
D is nonsingular. However, the writer has subsequently noted that 
if I be replaced by D in R and consequently if X+A be replaced by 
XD+A and X+B by DX-+B, as suggested by the referee, the con- 
tent of the above paper after appropriate minor changes is still valid 
even when D is singular. Moreover, in case D is singular, this equa- 
tion is not transformable to the unilateral form and consequently is of 
particular interest. The writer wishes to express his indebtedness to 
Professor Bell and to the referee. 
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SOME REMARKS ON A THEOREM OF ERDOS 
CONCERNING ASYMPTOTIC DENSITY 


HAROLD N. SHAPIRO 
In [1] Erdés proves the following :! 


THEOREM. Jf A and B are non-empty sets of positive integers, of 
asymptotic densities a, B, respectively; and if furthermore 


(1) a+ 
(2) 1e B, 
(3) a= B, 


then for the asymptotic density y of the sum set C=A+-B (consisting 
of the integers of A, B, and the sums a+b, aC A, bCB) we have 


(4) y2a+ 86/2. 
More precisely, at least one of the sets 
(5) {a+b}, {aa+1} a€A,bEeB 


must have asymptoiic density greater than or equal to a+-8/2. 


Due to the asymmetry introduced by the hypothesis (2), the above 
theorem leaves open the case where 8 >a. Actually, the entire theorem 
as it stands holds without hypothesis (3). This results from the fact 
that Erdés’ proof of the theorem given in [1] uses only the condition 
a>£6/2. In the contrary case, 2a <8, if we let a; be any fixed integer 
of A, the set {6+a,}, has asymptotic density 8 2>a+8/2; and 
the theorem follows. 

In this note it is proposed to give (using only hypotheses (1) and 
(2)) a short proof of (4) which does not however yield the more 
precise information concerning the sets of (5). This proof is based 
upon the (a, 8) hypothesis for Schnirelman density, proved in [2], 
[3]. 

If either a or B equals 0, (4) follows trivially. Hence we may assume 
that both a@ and 8 are not 0. Since a is the asymptotic density of A, 
given any e, a>e>0, we can find a largest integer m such that 


(6) A(m) < (a — e)m. 
(If A(z) =(a@—e)z for all z2=1, we take m=0.) We then consider the 
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1 The definitions of all terms used may be found in [1]. Numbers in brackets refer 
to the references cited at the end of the paper. 
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positive terms of the sequence a;—m, a;€A and form the set 
A, = { a; m}. 
We then have for x>0, 
Ax) = A(x +m) — A(m) 
= (a—)x 
so that the Schnirelman density of the set A, is not less than a—e. 


In particular, then, 1CA,, whence m+1€A. 
Similarly, we construct a 


B, = {b; — 1}, B,1+1€EB, 


which has Schnirelman density not less than 8 —e. Then, by the (a, 8) 
hypothesis, the Schnirelman density of the set 


C. = {a; — m,b; 

is not less than a+ 8 —2e. Thus for any x>0, 
C(x) 2 (a + B — 2e)x. 
Adding m+/+1 to the sequence C, we obtain 
C.= fas +14+1,6;+ m+ 1,0;+56;4+ 1} 

where for large x, 

2 — 2e)x — (m+1+ 1). 
However, since /+1€B, m+1€A, 

C.C bj, a,+6;+1} =C. 

Hence for large x, 

C(x) = (a+ B — 2)x — (m+1+ 1). 


Next, letting »=the number of a;+6;Sx such that a;+6;+1 
€ {a;+b;}, we consider two cases: 

Case 1. vS(8/2)x. Then the number of {a;+5;} less than or equal 
to x is greater than or equal to (a+ 8/2—2€)x—(m+/+1). 

Case 2. v>(8/2)x. If then a;+b;GA (since 
1€B). Hence in this case the set { ai, ai+b;} contains (for large x) 
more than (a+ 8/2—e)x integers less than or equal to x. 

Thus in any case we obtain that for x large enough the number of 
integers not greater than x in the set {a;, a;+b,} is greater than 
(a+ 8/2—2¢€)x—(m+1+1), which suffices to establish (4). 
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CERTAIN BEST POSSIBLE RESULTS IN THE 
THEORY OF SCHNIRELMANN DENSITY 


BENJAMIN LEPSON! 


Let A be a set of distinct non-negative integers, and A(m) the num- 
ber of positive integers not greater than m in A. Then the Schnirel- 
mann density a of A, referred to below simply as density, is defined as 


A(n 
b. — . 


n 


If A and B are two such sets, the set C=A+B consists of all distinct 
sums a+) with a in A and bd in B. The densities of A, B, and C will 
be denoted by a, B, and y respectively. 

The a+8 hypothesis, first proved by Mann [3],? states that, if A 
and B each contain 0, then 


(1) y 2 min (1, a + 8). 


Erdés and Niven [2] state that (1) is “a best possible result” without 
giving details. It is shown below that, under the above conditions, 
and for any pair (a, 8), there exist sets for which the equality sign 


holds in (1). 
THEOREM 1. Let a and B be any real numbers such that 
and 035 83 1. 


Then there exist sets A and B, each containing 0 and of densities a and 
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B respectively, such that the density y of C is given by 
(2) y = min (1, a + 8). 


Proor. For every n>0, let a, be the least positive integer not 
greater than a-n!. Then 


(3) 0 S Gn41 — Gn S (n + 1)! — 1}. 


Define A as the set consisting of 0, 1, and each of the (possibly vanish- 
ing) blocks m!+1, m!+2,---,2!+an;1—an. By (3), no two blocks 
have an element in common; therefore 


n—1 


A(n!) 
4@) 
n! n! n! 
Since 
an 
lim — = 
n! 
and 
A A(m! 
n m! 


for some m depending upon 1, we see that the density of A is a. De- 
fine b, and B similarly in terms of 8. 

Let C=A+B have density y, and let cSm! belong to C. Then 
c=a+b where aXn! and bSn!, so that, from the construction of 
A and B, aX(n—1)!+a,—a,_, and Therefore 


2(n 1)! + an + — — 
He ~ 1+ a, 


IIA 


c 


lA 


which implies 
(4) C(n!) S 2(m — 1)! + an + bn 
from which it follows that 

C(n! 

(5) lim 


n! 


Sa+B8B 


and finally 
(6) ySatB. 
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Combining (1) and (6), we have (2).* 

One may ask whether it is possible to weaken the condition that A 
and B both contain 0 and still to have (1). In this connection, we have 
the following result. 


THEOREM 2. Let E and F be finite sets of distinct non-negative integers. 
If, whenever A contains E and B contains F, (1) holds, then E and F 
both contain 0. 


Proor. Suppose that E does not contain 0. Let N be the largest 
integer in E or F. Define A as the set of positive integers congruent 
to any of the integers 1, 2, ---,N (mod 2N+1) and B as the set 
of non-negative integers congruent to any of the integers 0,1, 2, -- -, 
N (mod 2N+1). Then 


N 1 2N 
so that 
y<atB<l 


which contradicts (1). Similarly, F contains 0. 

Finally, we note that (1) cannot be improved by requiring A and B 
to contain certain finite sets in addition to 0. This follows immediately 
from Theorem 1, with the observations that the densities of the sets 
A and B used in the proof would be unchanged by the addition of 
finite sets, and that (4) would remain valid for sufficiently large n, 
implying (5) and (6). 
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A NOTE ON ISOTHERMAL NETS 
Vv. G. GROVE 


1. Introduction. It is the purpose of this paper to give a geometrical 
characterization of isothermally conjugate nets. This characteriza- 
tion is not dependent on the axis or ray curves of the net, and there- 
fore not on the notation of conjugacy of the axis congruence nor on 
the ray congruence being harmonic to the sustaining surface. The 
characterization is made in terms of a property described by Bell [1]* 
of a congruence being central to the surface S. A family of congruences 
associated with the tangent to a curve of the conjugate net is derived. 
The condition that the net be isothermally conjugate is expressed in 
terms of the property of any congruence of the family being central 
to S. The notion is extended to a characterization of isothermally 
orthogonal nets. 

To fix the notation, let the coordinates (x', x*, x*, x“) of a generic 
point x of the surface S and the parameters u, v be so chosen that 
they satisfy the following system of differential equations [3] 


(1.1) = + Bx, + PX, = t 0.x, + Gu, 0 = log R. 


The lines determined by the points x,, x, and by the points x, xu, 
have been called the R-harmonic and R-conjugate lines respectively. 

Let r and s be two points on the asymptotic tangents to the curves 
v=const., «=const. respectively. The coordinates r, s of these points 
are given by the expressions 


(1.2) r= x, — bx, = — ax. 


It is readily shown that as x generates the curve “=const. on S, 
the point r generates a curve whose tangent is coplanar with the 
tangent to the locus of s as x generates v=const. if and only if 


(1.3) a,—6,=0. 


The congruence I; of lines (r, s) is therefore central to S if and only if 
(1.3) is satisfied. If I’; is central to S, then the curves corresponding 
to the developables of I’; either form a conjugate net, coincide with 
asymptotic curves, or are indeterminate [5]. A similar statement 
holds for the reciprocal congruence I’, of Ps. 


2. Isothermally conjugate nets. Let the differential equation of a 


Presented to the Society, September 1, 1949; received by the editors July 3, 1949. 
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one-parameter family of curves C, on S be 
(2.1) Mdu—Ndv=0, rX=M/N, 


this family being neither of the families of asymptotic curves. Let y 
be a point on the tangent to that curve of C, through x, but not on the 
R-harmonic line. The coordinates of y have the form 


y = Sx+ Na+ MNS = 0. 


The projections 7, s of y from the points x, and x, on the asymptotic 
tangents have coordinates given by the expressions 


(2.2) r= + Sx/N, s= x,+Sx/M. 


We have called these points the integral generating points [4]. How- 
ever, in this paper we do not insist that they be invariant. 

The tangent to the locus of s(r) as x generates the curve v=const. 
(w=const.) intersects the plane determined by the tangent to 
u=const. (v=const.) and the R-conjugate line in a point whose pro- 
jection from x, on the tangent plane is the point p (a) whose co- 
ordinates are given by the expression [4] 


(2.3) p= og o = ra og x. 


If we define points px, o, so that one of the cross ratios of x, xu, p, pr; 
and of x, x», ¢, on, is h, the coordinates of these points are given by 


= Xy log — 2, = Xy t— log — 2%. 
Ou M Ov N 


We shall call these points the differential generating points, and the 
line determined by them the differential generating line. A similar 
appellation will be used for the congruence of these lines. 

From (1.3) it follows that the differential generating congruence de- 
termined by (2.4) is central to S if and only if 


(2.5) ws log (=) = 0, 


that is, if and only if the conjugate net 
(2.6) M*du? — N*dv? = 0 


is isothermally conjugate. 


We shall say that the curves (2.1) have the isothermal property if 
(2.5) is satisfied. Hence if one family of curves of a conjugate net has 


195 


= 
thi 
At 
A 
is 
al 
(: 
| 
1 
| 
| 
| 


1950] A NOTE ON ISOTHERMAL NETS 597 


the isothermal property, the other has, and all curves of the pencil 
of conjugate nets whose base net is the given net have the property. 
An immediate application of this notion gives the following theorem. 
A surface is tsothermally asymptotic tf and only if any curve of _he 
Darboux-Segre pencil of conjugate nets has the isothermal property. 


3. Conclusion. Suppose a given conjugate net defined by (2.6) is 
isothermally conjugate. By a transformation of independent vari- 
ables, we may make M=WN. Equations (2.4) may be written in the 
form 


(3.1) pr = x, — — log Ax, oh = X» — — log Ax 
Ou Ov 


wherein 
A = (M/S)"*. 
The curves on S corresponding to the developables of the differential 
generating congruence [5] are defined by the differential equation 
Pdu? — Qdv? = 0, 

wherein 

P= Aus — + BA, + pA), 

Q = Av. — (yAu + 04, + GA). 
It follows that any solution A of (1.1) gives a congruence of lines T: 
whose developables are indeterminate. 

Similarly the developables of the reciprocal congruence TI, of I; 
with respect to the quadrices of Darboux are indeterminate if and 
only if A is a solution of 

Avs BA, + (p + + B.)A, 

A yAu + 0,A, + + Ou “+ Vu)A. 
If both congruences 1,, 2 have indeterminate developables, S is neces- 
sarily isothermally asymptotic. 

We now extend the characterization of isothermal conjugacy of a 
net to a characterization of isothermally orthogonal nets. Let the 
surface be referred to the orthogonal net as parametric. Let a one- 
parameter family of curves be given by (2.1). The coordinates 


y‘ (¢=1, 2, 3) of any point y on the tangent to this curve have the 
form 


y = «2 + Mx.)/S, i = 1, 2,3. 
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The orthogonal projections r, s of y on the tangents to the curve of the 
net have coordinates given by the expressions 


M 
— 
S 


(3.2) r=x+—%*,, S=a2+ 
S 
As x generates the curve v=const., s generates a curve whose tan- 
gent has the following direction numbers 


(3.3) é 
Su = Xy $ 5 Xuv- 


This tangent intersects the plane determined by the tangent to 
v=const. and Green’s R-reciprocal line [2] of the ideal line in the 
tangent plane in the point whose coordinates are 


i 1 M 
— = — log (=). 
S Ou S 


If we project on the tangent plane to S this latter point by a line 
parallel to this R-reciprocal, a point p is found whose coordinates are 
given by the expression 


(3.4) 


In a similar manner a point a whose coordinates ¢‘ are given by the 
expression 


(3.5) o=£—px,, —=— log (=) 


may be defined. We shall say that the congruence of lines (pc) is 
central to S with respect to the given orthogonal parametric net if the 
tangent to the locus of p as x generates u=const. intersects the tan- 
gent to the locus of o as x generates v=const. The congruence of lines 
(pa) ts therefore central to S with respect to the given orthogonal net if 
and only if 


(3.6) c log (=) = 0. 
N 
The net whose differential equation is 
(3.7) Edu? — Gdv® = 0 


is uniquely determined as that orthogonal net the tangents to whose 
curves separate the tangents to the curves of the given orthogonal 
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net harmonically. If the points p, o defined by (3.4), (3.5) are defined 
using either one of the two families of curves of (3.7), it follows readily 
that the congruence of such lines (pa) is central to S with respect to the 
given orthogonal net if, and only if, the net is isothermally orthogonal. 

As a final application of the notions in this paper we derive by geo- 
metrical methods all of the classical canonical lines except the projec- 
tive normal. Suppose that the differential equations (1.1) are in the 
Fubini canonical form, that is, suppose R=$y. Suppose that the line 
determined by the integral invariant points defined by (2.2) coin- 
cides with Bell’s R,-associate [1] of the reciprocal of the projective 
normal for \= M/N. It follows that 

S M S N 


M N N M 


It follows that the curve C, is any one of the curves of Segre. For these 
values of M/N the differential generating line determined by (2.3) is 
determined by 


h h 


wherein as usual 


= — log (By’), =—lo ). 

> (By’) (B*y 
That is if the integral generating line is the R)-associate of the reciprocal 
of the projective normal, then the curve C, is a curve of Segre and the 
differential generating line is any one whatever of the classical canonical 
lines of the second kind. 
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DEFORMATION THEORY OF SUBSPACES 
IN A RIEMANN SPACE 


V. HLAVATY 


Summary. This paper deals with the infinitesimal transformation 
(2,1) of a family (V,,) of subspaces V,, in a Riemann space. In $§1-—4 
the transformation (2,1) is applied on internal objects of a Vn, while 
in §§5 and 6 the characteristic mixed tensors K{,...., (cf. the equation 
(1,2; 4)) of a V,, are investigated with respect to (2,1). Finally, some 
applications of the theory are given in §§7 and 8. In particular the 
statement expressed by the equation (8,10)b is the generalization of 
the well known Levi-Civita result for m=1, while the statement 
expressed by the equation (8,10)c generalizes the classical result 
(for m=1, n=2) by Jacobi. 


1. Preliminary. 


(1) Let V, be a n-dimensional Riemann space (m2=2), referred to 
the real coérdinate system &,' g,,=g,, its metric tensor, T'\,=I%, 
the corresponding Christoffel symbols and V, the covariant deriva- 
tive operator in V, with respect to Iy,. The curvature tensor of Tj, 
will be denoted by 


Reur = rw ry + Sant (2, = ae ). 


(2) Let V,, be a m-dimensional subspace of V, (1 <m <n) referred 
to the real parameters! y* and _ let 


be its parametric equations.? Throughout this paper we consider only 
the case where the matrix of the mixed tensor 


, 0 
7.2 Oak (3. = 


is of rank m. Hence the metric tensor* 


Au 
Sab ba = ad 


Received by the editors May 31, 1949 and, in revised form, July 11, 1949. 

1 Greek (Latin) indices run from j to % (from 1 to m). 

? Any function considered in this paper is understood to be a real and continuous 
one, as well as its derivatives which appear in the discussion. 

3 Here and later on we put v=2,3,°°°. 


@j...a¥ 
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is of rank m and consequently the corresponding Christoffel symbols 
I» =I}, exist. The curvature tensor of V,, will be denoted by 


a a a aeih a h 
Pact = — Oa te + Tal — Taal te 


Considering the connections Ty, and I’), we may introduce three dif- 
ferent kinds of covariant derivatives, namely 


for a tensor field defined over Vu, 

(1,2;3b)V.Vi... = OVy... + + — 
for a tensor field defined over V,, and 

for a mixed tensor field defined over V,,. The embedding theory of a 
Vm ina V, may be described by means of the mixed tensors Tj and 


where WN is the number of osculating spaces of V,.4 

Incidentally K%, = K;, lies with its index v in the first normal space 
of Vn. 

(3) A family (V,,) of a set of V,,’s is defined as a set of V,,’s such 
that through any generic point of the V, there is only one element V,, 
of (V»). Each element V, of the family (V,,) is referred to the 
parameter system 7* and we keep the parameter transformation 
independent of the coérdinate system &. Hence 

a’ a 
(1,331) 
On? On” 


= 0. 


On the other hand, an object Q defined over (V) is defined also 
over V, and consequently may be thought of as expressed either by 
means of the n* or by means of the &. This is in particular true for 
Tz, Za, I'S. Whenever we apply on such an object the operator 0, 
it is understood that we consider it expressed by means of the 
&. Taking in account (1,3;1) we see that® 0,g., 0,I'%, are 


4 Cf. V. Hlavaty: Embedding theory of a Wy, in a W,, (to be published in Actualités 
Scientifiques et Industrielles) where the case of a Riemann space is included. Cf. also 
J. A. Schouten and E. R. van Kampen, Uber die Kriimmung einer Vm in Vn; eine 
Revision der Kriimmungstheorie (Math. Ann. vol. 105, p. 144-159). 

according to (1,2;3a), while (cf. (1,2;3b)) 


602 V. HLAVATY [October 


tensors (resp. vectors) not only with respect to the coérdinate trans- 
formation but also with respect to the parameter transformation. Let 
P be a generic point of V, and let V,, be the element of (V,,) contain- 
ing P. If a tensor field T defined over V, has the property that T(P) 
is in the tangential space (or in some of the normal spaces) of the 
V,, already mentioned, then we say that the field 7 is tangent 
(normal) to (Vm). 


2. Fundamental definitions. Let V’= V’(£) be the components of a 
contravariant vector field given over V, and let 


(2,1) + eV’ — 0 is a constant) 


be the infinitesimal transformation of a Lie group with the generator 
V*0,. If a generic point P(£) describes a subspace V,, of the family 
(V) then the point *P=P(*£) describes a subspace *V,,. We shall 
assume throughout this paper that the set of all *V,, constructed in 
this way is a family, which we denote by (* V,,). In the following defi- 
nition X = X(P) denotes a tensor field (a set of tensor fields) defined 
either over or over V, and F[X |= F(é) is a function of X. 

DEFINITION (2,1). X’ és the value of X in *P, X'=X(*P),°X is the 
tensor at *P which one gets by parallel displacement in V, of X(P) 
from P to*P. If X ts defined over (Vm), then *X és the tensor field (a set 
of tensor fields) defined over (*V,) in the same way as X is defined over 
(Vm). If X ts defined over V,, then *X =X’. Furthermore 


(2,2a) ‘Fe =F(*t) 
tn the first case and 
(2,2b) =F(*t),  =F[°x] 


in the second case. 
We use these symbols in the following definition of the symbols r, 
w, and A: 


DEFINITION (2,2). The operators r, w, A are defined by the following 
equations 


oF 
(a) 7F = lim (translation of F), 
e—0 € 
(2,3) 
(b) oF = lim (variation of F), 
0 € 
(c) AF =(r—w)F (deformation of F). 


In this paper we shall investigate the application of these operators 


tg 
( 
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on the objects of (V,,). 
3. The fields 7; and ga. 
THEOREM (3,1). We have 
(3,1) (a) 1Te=VaV, (b) oT, =V'V,T., 


(c) AT. = Li, 


where 
(3,2) —V'V,T. = — V'd,T. 
Proor. Let X=F[X]=T7;. Then 
= T,(*t) = Ta + ,° 


oF = = T, — 
and consequently 
(b) Fo —F=T.+ — 
From (3,3)ab we have (3,1)ab and these equations together with 
(3,2) lead to (3,1)c. 
THEOREM (3,2). We have 


(a) TZab = 2W ad," (b) = Gap, 


where 
(3,5) Wes Gas Anger. 
ProoFr. Put X =g,,. Then 
(b) °X = = Ba V (Trogon + + = 


On the other hand, if we denote by X the set of tensor fields gy,, 
Tz we have for F[X |=g,,727?=g.s by virtue of (3,6) 


6 Throughout this paper the dots denote the coefficient of ¢. 

7 Substantially equivalent formulas to (3,1)a and (3,4)a may be found also in the 
papers in the bibliography, which deal with the theory of deformation of subspaces 
from a different point of view. 
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*Zab = = + V dug + 
(Ta + dv +---) 
= gor + + + 
+ UT + ---, 
gas = Te = (Su + V t+ 
+ (Ts + +--+) 
= gas t eT + + 
= ga tV 
(c) °F = gar = T PTs = + + + 
(Ta — + — VT + 


w v 
+ = Sap + 


(a) *F 


(3,7) (b) F’ 


Hence 
(3 7) (d) — °F = * Zan = + 


These equations lead to (3,4)ab and from these we have (3,4)c. 
DEFINITION (3,1). The transformation (2,1) is called a rigid trans- 
lation tf 


THEOREM (3,3a). Let V’ be a tangential vector field to (Vm). A neces- 
sary and sufficient condition that (2,1) be a rigid translation is the 
(Killing) equation 
(3,8) DaV = 0. 


Proor. In our case we have® V,=V,7>, V,=V.T7¥ and conse- 
quently (by virtue of = 

Va = — eT a) Ve = + VideT a — (VeTa) Vd 


D 
3,9 
(3,9) — = 


The proof follows from (3,9), (3,5), and (3,4)a. 


THEOREM (3,3b). Let V’ be a normal vector field to (Vm). A necessary 
and sufficient condition that (2,1) be a rigid translation is: V” is in the 
xth normal space of Vm, x=2,3,---. 


} 
| 
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Proor. In our case we have V, 7? =0 and consequently 
(3,10) = — = — = — 


The tensor K%, lies with y in the first normal space of (V,,). By virtue 
of this fact, we get the theorem (3,3b) from (3,4)a and (3,5). 
REMARK. The theorem (3,3b) is the generalization of the well 
known fact that the “deformation” of the arc of a curve in a three- 
dimensional Euclidean space along its binormal is equal to zero. 


4. The field 


THEOREM (4,1). We have 


(4,1) (a) (b) = Gas, 
(c) AT as = Qas 
where 
(a) Wasa = DaWas + DoW aa — DaW a, 
(4,2) (b) Ga» = 
ProorF. First of all we have 
(4,3) as + da — = Wasa t+ ae 
Furthermore, if X is the set of tensors g,s, g°¢, we get for F[X ]=T, 
by virtue of (3,7)d and (4,3) 
= = goa + — gar) 
= 1/2[?g°* — - - - 2eWeat 
+ O0(°gaa + 
— + 2Wa + 
Te + [Wasa + 20 ae] 


(4,4) 


ll 


On the other hand, we see from (3,7)c that 

(4,5) The 

From (4,5), (4,4) we have (4,1)a. The equation (4,1)b follows from 
(4,6) Fo = V t+ 


and (4,5). The equation (4,1)c is obvious. 


606 V. HLAVATY [October 
Later on we shall need also the coefficients 


(4,7) Tes 1/2¢°" (Gaga + agar) 


which are related to I by a relation introduced in the following 
lemma: 


Lemma (4,1). We have 


cr € ed; w 


Proor. We get from (4,7) and (3,7)b 


+ + + ) 


— 
(4,9) + € Zar + )] 


c € ed c 
=Tat+ { 27 +g 
+ — (AV 


4 (320,804 + 8:9,gaa — + 
On the other hand 


c c c h 
’ ed 
+ + — 9,0agar)] +---, 
» 
(4 11) (0.0, 0,04) (T2090, (0,7 «)Ox and T 20,0r) 


Il 


— 
Comparing (4,9), (4,10), and (4,11), we obtain 
c cr € p 
Ta — Ta = VAT.) + (a,V° — 
— — V AT | 
and this equation gives us at once (4,8). 


5. The field K;,.° The first theorem concerns the translation of the 


* Throughout §§5 and 6 we shall sometimes make use of a special codrdinate 
(parameter) system and shall symbolize the statement: “in the special codrdinate 
(parameter) system I\,=9 at P” by using the symbol =, Iy,=0 (T=0). 
An equation with = has to be understood as valid in a special coérdinate (parameter) 
system at P where both last equations hold. On the other hand, the sign = does not 
impose any restriction whatsoever on the choice of the codrdinate (parameter) system. 


te 
( 
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tensor 
(5,1) = Kas = 
THEOREM (5,1). The following equation holds: 
(5,2) = — V°T — 


ProoF. First of all we have according to (2,2)b for X=g,, 2”, 


(5,3)a = Ty + 
and moreover by virtue of (4,4) and (4,5) 
(5,3)b 
Hence 
= *Ds*T. + OV +---) 
(5,4)a + ,)(Ts+ OV +--- \(T. + 
— + +--+) 
and consequently 


*Kig + + Tee — Weeks} + 


Il- 


(5,4)b 
+ of DD’ — VT — Weel) 
On the other hand 


The equations (5,4)b and (5,4)c lead to (5,2) with the = sign. This 
equation, being a tensor equation valid for a special coérdinate (and 
parameter) system at a generic point P, holds for all codrdinate 
(and parameter) systems at a generic point. 

The second theorem concerns the variation of Kj: 


THEOREM (5,2). The following equation holds: 


(SS) = V" — + (V,T — 


ProoF. First of all we have 
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(VuTs)(VuT a) 


Consequently 


= (DsTe)' = Kta + V + 

+ + (0.0 Toe — + 
Kiva + + — ro) 

+ — GreTe}. 


(5,6) 


The proof follows from (5,6) and (5,4)c. 
THEOREM (5,3). Put 


Then 

Lia = DL — — 
+ (TW,V'V. — 

and 

(5,8) AK ta = Lia. 


Proor. We have from (5,2) and (5,5) 
(5,9) AK = (tr — w)Kta = DsDV — 
— — 


Since 


S 


— V'V,T.| 
— (D.V’)V,T. — 


the equation (5,9) reduces to 
AK = + — V’V,Ts) — Orel. 


which proves (5,7)a and (5,8). The equation (5,7)b follows from 
(5,7)a and 


a 


(5,10) 


- 
| 
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6. The field K;,...,. The last theorem may easily be generalized: 
THEOREM (6,1). Put 


(6,1)a 
1 
Then 
Ly, .--0, De + (Ta Vo — V 

1 

and 
(6,2) = (ry = 2,3,---). 


Proor. (The theorem has already been proved for r=2.) Let us 
assume that we have proved it for some r22. Then we have from 
(6,2) 


(6,3) 


+ + V + °°° 
On the other hand 


r 
+ 
1 


and consequently by virtue of (6,3) 


+1 


w 


r 
c 
1 


| 
(6,4) 
| 
| 
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+ 


The tensor K;j,,,...0, satisfies the following relation 


(6,5) 
id 
+ 4) To, 4:Ka,---0; 


1 
Subtracting (6,5) from (6,4) we have 


(6,6) 
1 


+ V" (80, | eee 
Since 


the equation (6,6) reduces to 


{ ) 
r 
i 
. 
| 
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1 


In this tensor equation we may obviously suppress the dot in = and 
consequently if we put 


v p 
r 
c 
1 


we have from (6,7) 


@r+1°° 


Hence if (6,2) holds for some r then it holds also for r+1. But (6,2) 
holds for r=2 and consequently it holds for r=2, 3, - - - . The re- 
maining part of the theorem (equation (6,1)b) may be proved by 
means of an equation similar to (5,10) 


7. The differential equation Li =0. 
THEOREM (7,1). The system of differential equations 
(7,1) L.=0 or VV =V 


is completely integrable and its general solution involves n arbitrary 
constants. 


Proor. We have first 
= = (VeTa)VV + 
(7,2) 


and by virtue of (7,1) 


te) (Vint Tar) + TeV a) 


On the other hand 


} 
| 
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and consequently (7,3) reduces to 
X y _@ ur 
(7,4) Viv Via Ta} = V T a} = 
The integrability conditions of (7,1) are obtained by substituting in 
v v 
= Vina} 


from (7,2) and (7,4). In doing so we obtain 


wp 


1 
V T va(— + Riu) 


A. 


1 v 
2 V T + Ris + Ryrw) = 0 
since 


Reon + | + | = 0. 


Hence the integrability conditions of (7,1) are identically satisfied and 
consequently (7,1) is completely integrable and its general solution 
involves arbitrary constants. 


THEOREM (7,2). Let Vi, ---, Vy be n linear independent solutions 
of (7,1). Then" 


(7,5) e) 
is a vector solution of (7,1). 


Proor. W” is obviously a vector. Hence to prove our theorem we 
have to show that it satisfies the equation 


(7,6) a.W = W 
From (7,1) we have for 


On the other hand (0,0,—40,0,) V.= —(8,T2)0,V, and consequently 
(7,7) reduces to 


= (A:T — V + 


= = = W ATi. 
10 It is assumed that in the equations (7,5)—(7,8) the brackets [ | do not affect 


the Greek and Latin indices. 


= 
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REMARK. The theorem (7,2) shows that the set of all generators 
V9, of infinitesimal transformations (2,1) is closed under the opera- 
tions of taking linear combination and forming commutators. Hence 
these generators form a Lie algebra. 


8. Special cases. 
DEFINITION (8,1). We say that a transformation (2,1) reproduces the 
family (Vm) if 
(8,1) AK«,..-2, = 0 (rf = 1,2,---;K.=T.). 
THEOREM (8,1). A necessary and sufficient condition that (Vm) be 
reproduced under (2,1) is: V’ ts a solution of 
(8,2) = 0. 


Proor. Let (V,,) be reproduced by (2,1). Then from the first of 
(8,1) we have (8,2) by virtue of (3,1)c. Conversely, if (8,2) is satisfied, 
the following equations hold (cf. (3,4)c and (4,8)) 


(a) 


(8,3) 
(b) 


Consequently we have from (4,1)c and (8,3)b 


(8,3) (c) 
On the other hand we get by virtue of (8,3)a and (8,3)b 
(8,3) 


Comparing (8,3)(c) and (d) we have 
(8,4) Qa = 0. 


The equations (8,2), (8,4) together with (6,2) and (6,1)a lead to (8,1) 
for r=2, 3,---:. 

In the next theorem we shall consider a family (V,) of totally 
geodesic subspaces, that is, a family for which 


(8,5) Kis = 0 
and we prove first the following lemma. 


Lemma (8,1). Jf (8,5) holds, then Wana (cf. the equation (4,2)) satisfies 


11 This equation imposes some conditions on the structure of the large space V, 
(cf. the equation (8,12)). 


| 

E 
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the following equation 


(8,6) W saa = Wave = + 
where Pa, is the curvature tensor of Vm and W.=T?V). 


Proor. Let W’(N’) be the tangential (normal) component of V’ 


(8,7) V=W+N, We=VTT. NT. =0. 

From (3,5) we have 

Wes = = + T eb 
= — N,V 

If (8,5) holds then 


= N,DaTs = N,(VaTs — = N,VaT 


and (8,8)a reduces to 


(8,8)b War = 
Consequently, we get from (4,2)a 
(8,9)a Wara = + + + DaDsW a. 
Because for any vector P, whatsoever 
DiaDa Ps + DiaDo Pa + a = 9 
= 1/2P raaP- 
where P%, is the curvature tensor of V,,, (8,9)a reduces to (8,6). 


DEFINITION (8,2). If A =0 is an analytic expression for a property 
of (Vm), then we say that (2,1) preserves this property if AA =0. 


THEOREM (8,2). Let (Vn) be a family of totally geodesic subspaces. A 
necessary and sufficient condition that this property be preserved by (2,1) 
is: The vector V’ ts a solution of any one of the following equations 


(a) Las = 0, 
(8,10) (b) DsD.V" — — = 0, 
(c) — N°T = 0, 


where in the last equation 


NW’ = V (& — T.T)). 


| 
| 
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A sufficient but not necessary condition is: 

The vector V’ is a solution of (8,2). If (8,10) but not (8,2) is satisfied 
by V’, then (V») is not reproduced. If (8,2) holds, then (8,10) ts satisfied 
and (V,) is reproduced. 


Proor. According to our assumption the transformation (2,1) 
carries a family (V,,) in a family (V2). Hence in order to prove our 
theorem we have only to look for conditions that the equation K;,=0 
be satisfied. The necessity and sufficiency of (8,10)a follows at once 
from (5,8). If (8,5) is satisfied, then we have 


(8,11)a Kin = Kast+ V +---=0+- 
and consequently 
(8,11)b = — w)Kav = 


Hence, we have from (8,11)b, (5,8) and (5,2) that in our case a neces- 
sary and sufficient condition for AKj,=0 is that V” be a solution of 
(8,10)b and this equation is (in our case) equivalent to (8,10)a. On 
the other hand, the integrability conditions of (8,5) are 


and consequently T3 R’,, is in (Vm). If we decompose V’ according 
to (8,7), then we have from (8,12) 


—V T baR our =— W —N 
— W — NT 
On the other hand, if (8,5) holds then 


(8,13)a 


(8,13)b = + DiD.N’ = (DiD.W')T. + DsD.N . 
Furthermore, if (8,5) holds we have according to (8,6) 

— = — — (DDW')T: 

— 

Comparing (8,10)b with (8,13) we have 


(8,13)c 


~ 
(8,14)a = — + — 
+ DsD.N’ — = 0. 


12 We use here the well known identities Prac = Paste = —Preate- 


} 
‘ 

| 
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Since 


(DsDe — DeDi)W* = — 
= — (Poca + 


we obtain from (8,14)a 


(8,14)b DsD.V" — — WieT, = — N°T 
and this equation proves the statement about (8,10)c. The last part 
of the theorem follows easily from Theorem (8,1). 

RemakRkK I. The statement about the equation (8,10)b is a general- 
ization of Levi-Civita’s result for m=1." 

RemARK I]. Let m=1, n=2. Then 


Roux = 2K 


(8,15) 

= — KN'T (T = 
If n'=s, s being the arc of Vi, then Dj = and T=1. Moreover, if 
j’ is the unit vector in the direction of D,T7, then ) 
(8,16) DiTi=jk, Dj = — 


where & is the curvature of V;. Because we may put V’=yy’, y being 
a factor of proportionality, we have on account of (8,16) 


(8,17) = yj — ykT%. 
Consequently 
= — 2y'kT, — yk'T, — yk 7’. 
If (Vi) consists of geodesic lines, we have k=0 and 
2.» 
(8,18)a = 
On the other hand, we obtain from (8,15) for n'=s 
w 
(8,18)b = — Ky. 
Comparing (8,10)c and (8,18) we have 
y" + Ky = 0, 
% Levi-Civita, T., Sullo scostamento geodetico (Bollettino della Unione Mate- 
matica Italiana (i926) pp. 1-4) and Sur l’écart géodésique (Math. Ann. vol. 97 (1926) 


pp. 292-320). For more general metric spaces cf. also Hlavaty, V., Les courbes de la 
variété générale 4 n dimensions (Mémorial des Sciences Mathématiques, no. 42). 
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which is the well *nown equation found by Jacobi. 
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REMARKS ON CERTAIN PATHOLOGICAL OPEN SUBSETS OF 
3-SPACE AND THEIR FUNDAMENTAL GROUPS 


W. A. BLANKINSHIP AND R. H. FOX 


We shall consider several well known subsets of spherical 3-space 
S: the compact zero-dimensional set P described by Antoine [1]! 
and the topological 3-cell C consisting of the “horned sphere” 2 of 
Alexander [2] together with its interior. That the fundamental groups, 
™i(S—P) and m(S—C), of their complementary domains are not finitely 
generated (and hence in particular not trivial) was noted by Alex- 
ander (2, pp. 9 and 11]. It is the main purpose of this note to give a 


Fic. 1 


complete proof of this remark, using explicit presentations of the 
groups.” We feel that this is justified by the historical significance of 
these examples, even though on the one hand Antoine’s set occurs as 
a special case of a recent generalization [3] to n-dimensional space 
(m 23) and on the other Alexander’s example has been supplanted by 
a much simpler one [4]. An unexpected consequence of the explicit 
presentation of the groups is the discovery, of which we make use, 
that 7:(S—C) is a homomorph of 7,(S—P); the geometrical meaning 
of this relationship between Antoine’s and Alexander’s examples is 
not evident. 

Of great interest, although not as well known, is the simply con- 


Received by the editors July 13, 1949. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

* A proof that +,(S—P) is non-trivial has been given by R. P. Coelho [6]. By a 
presentation {x/r=1} of a group we mean a system of generators {x;} and defining 
relations {r;=1}. 
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nected open subset M of S, which is not a topological open 3-cell, 
constructed by Whitehead and Newman [5]. In §3 we give a simpli- 
fied proof that M is not homeomorphic to an open 3-cell. The simpli- 
fying ideas in this proof were used [4, example 1.3] in demonstrating 
the properties of a certain set Z which combines the essential fea- 
tures of the example of Alexander and that of Whitehead-Newman. 


1. Alexander’s horned cell. The complement, S—C, of Alex- 
ander’s horned cell is homeomorphic to the complement of an infinite 
graph I’, whose projection is shown in Fig. 1. 

From this diagram a presentation of the group 7, (S—C) =7,(S—T) 
may be read, using a slight extension of a standard method.’ The gen- 
erators are 2, Za, Ga, 0, ba, where a ranges over all finite sequences of 
the form 


= a, az = 1, 2, la) = 1>0. 


The defining relations are of three types: 
(1) At the crossings (cf. Fig. 2) 


(1.4) bat = 2a2 = bar@ardai. 


dali 


bar 


Fic. 2 


(2) At the points of order three (cf. Fig. 3) 


(24) Za = = 1. 
baz 
Gai 
ba 
Zal dat 
Fic. 3 


(3) Around the singular points (cf. Fig. 4) 
(34) ba = Za, 
Cf. [4, p. 981]. 
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where a1, a2 denote the sequences of length /+1 formed by adjoining 
1 or 2, resp., to a. ‘ 


Using (2.) and (3.) as definitions of the generators a and b we ob- 
tain from (1.) the presentation :* 


G = mi(S —C) = Ua) = = Za2]} 


For each non-negative integer m we consider the free group G, on 


generators Z., /(a)=mn, and define a homomorphism ¢, of G, into 
Gas by bn(Za) = [Za1, Zaz |. Clearly G is the direct limit of the homo- 
morphism sequence Gop—Gi—G2— - - - . Moreover, for each n, ¢, is 


an isomorphism, for if w(z.) is a reduced word in G,, then ¢,(w(z.)) 
=w([2e1, Z2'|) is necessarily a reduced word in G,4,. Hence the groups 
G, may be identified with certain subgroups of G. Thus G=U3_,G, 
is the union of an increasing sequence of finitely generated free groups. 
Since the rank of G, is 2" we obtain the result,® 

m(S—C) is a locally free group and does not have finite rank. 


2. Antoine’s set. Consider a solid torus Py in S and & solid tori 


Ti, T2, -- - , T;, in Po arranged in cyclic order around P, in such a 
way that each torus is simply linked with each of its neighbors. 
Denote the union of - - - , 7; by Pi and for each i=1, 2, -- -, 
k select a homeomorphism f; of Po onto T;. For any finite sequence 
1Sa;Sk, define far, Ta=fa(Po), and 
Pi Ta. Assuming k sufficiently large and the tori 7), - - - , T; 


properly placed so that diam as I(a)—~, the set 
is recognizable as Antoine’s set. We denote the closure of the set 
P.i-P, by F.. 

It is easily seen that P? is of the same homotopy type as the com- 
plement of the linkage whose projection is represented in Fig. 5, 
where we have taken k even. 

Labelling and orienting the edges as indicated we find by a stand- 
ard procedure’ that 7(P?) is generated by elements x, u, v, w, a1, bi, 

- , subject to the defining relations‘ 


4 We use the notations [u, v] = 

5 To show just that 7(S—C) is non-trivial, a simpler procedure is to exhibit a 
representation of G into the symmetric group of order 6. Cf. [3]. For definition of 
locally free group see [8]. 
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Fic. 4 
| 


CERTAIN PATHOLOGICAL OPEN SUBSETS OF 3-SPACE 


a; bi 
x =w=2x, 
= bs 
u , 
a3 
dz = be = ae, 
be by 
bs = a3= 5; , 
a3 a5 
) a = bs 
by 
= 
ay =b = a 


di 


Fic. 5 


From these relations we can deduce that 


=" 


Denoting this element by y, we are now enabled to eliminate 


u,v, W, bd, - - - , by. As a result, we find that 7,(P{) is generated by 
x, Y, G1, , subject to the relations 
[x, y] = 1, 
=" 
I y = [a; , = [a; , j = 2,4,6,---,k—2, 
\ z 
y= [ax = [a, 


Now since the closure of the set 7;— U;T;; is just f;(P?), we see that 
its fundamental group is given by generators x/, dg, 
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and defining relations I/, obtained by replacing x, y, ai, ---,a@& 
in I by x/, y/, ag, , @, respectively. The intersection of P? and 
f(P%) is the torus T; which is the boundary of T;, and whose funda- 
mental group is free abelian on the two generators x/ and y/. Since x 
and y may be represented by loops bounding in the closure of S— P» 
and in Po, respectively (see Fig. 5), it follows that x/ =/;(x) and 
yi =fi(y) may be represented respectively by equatorial and meridi- 
onal loops on 7;. This observation enables us to compute from Fig. 
5 the relations defining the injection ,(7;)—>7(P%). They are 


a, 
II; = {= 5. k— 
= ay X, += 1, 
—1 
= 40, X 
where x;, y; (and later aa,---,a@) denote the elements rep- 
resented by loops obtained by conjugating a representative of 
xi, vi @@) by a (properly chosen) fixed path joining the 


base point of to that of 

Since the k sets f;(P?) are mutually disjoint, we may obtain a pres- 
entation of the group 7(P2) by k successive applications of the 
algorithm for computing the fundamental group of a union.* We thus 
obtain 


wi(P2) { Va; II;} 


where 0S/(a) $1, 2,---,k. 
Proceeding similarly with the adjunction of the sets Pj, Pi, ---, 
we construct inductively presentations of the groups 7(P%): 


{ xe, Vas Tai, IT as} 
where 0S/(a) Sn—1, t=1, 2,---, and denote the rela- 
tions obtained from I; and II; by replacing 7 by az (see below). 
Since 7:(P>—P) is the direct limit of the homomorphism sequence 
0 
m(Pi) > m(P2) 


in which each homomorphism sends the generators of one group into 
the same-named generators of the other, we obtain 7:(P)—P) simply 
by removing the restrictions on /(@) in the presentations. A presenta- 
tion of the group 7(S—P) is obtained by adjoining the relation x =1. 


Cf. [7, §52]. 
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Thus 7,(S—P) is given by generators x2, ya, (a) 20, with the 
defining relations: 


x = 1, 
ye] = 1, 
a 
za 
Va = Gar—1| Gal 1, 
Vai = Gai, 
Lai = i= 4, k— 2, 
= 1, 
= Gak—1, i= k. 


That 7,(S—P) is not finitely generated (and therefore nontrivial) 
is demonstrated by the following homomorphism into 2,(S—C): 


da = Ya— Ze(a)s if is odd, 
if is even, 
where 
a(a) = o1, o; = 1, 2, 
fort = 1,2,---,land 
o; = a; (mod 2) if 7 is odd, 
= 1+ a; (mod 2) if 7 is even. 


3. The Whitehead-Newman set. To obtain the Whitehead-New- 
man set T., one proceeds as in the construction of Antoine’s set, using 
k=1 instead of k=0 (mod 2). The solid torus corresponding to S— P» 
of the preceding section is denoted in [5] by R=S—Tp». The funda- 
mental group G., of Uo,..=To—T..=S—(RUT.,) is the limit of the 
direct homomorphism sequence 


where G, denotes the fundamental group of U»o.~=T—T,=S 
—(RUT,). From the presentation (3.1) of [5] it follows that G,. has 
the presentation 


Ge = 052 < = = dul 
Hai = ay} a,j}. 
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The fundamental group of S—T.,, obtained by adjoining to G,, the 
relation a)=1, is obviously trivial. Thus S—T,, is a simply connected 
open subset of S. 

On the other hand the group G,, has the representation | 


a—(1 23 4 5) (for \ even) 
— (15 3 2 4) (for odd), 
bh — (5 4 3 2 1) (for \ even) 
— (4235 1) (for X odd), 
in the symmetric group of order 5. 


We assert that the complement S—(T,,UJ) of any compact sub- 
set J of S—T., containing R cannot be simply connected. For 
S—(T.UJ)CS—(RUT..) C Uo.., and we can always find X so large 
that a, is represented by a loop in Uo,.—J, and this cannot be con- 
tracted to a point in S—(T,,.UJ) because a,#1 in 7(Uo,..). This 
proves immediately that S—T,, is not an open 3-cell, for in an open ) 
3-cell any compact set R is contained in a closed 3-cell J whose com- 
plement is simply connected. 
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SOME LIMITING DISTRIBUTIONS RELATED TO THE SUM 
OF A RANDOM NUMBER OF RANDOM VARIABLES' 


EDWARD PAULSON 


1. Introduction. Let X; (j=1, 2,---) be a sequence of inde- 
pendent random variables with the same distribution, and consider 
the random variable Y=Xi+X2+ ---+Xvy. The limiting dis- 
tribution of Y (as A> ~~) when NV is an integer-valued random vari- 
able whose distribution depends on a parameter \ has been studied 
in detail by Robbins [1].* In this paper we shall attempt to extend 
some of Robbins’ results by considering a more general type of sta- 
tistic Y;, which reduces to Y in a special case. We shall also con- 
sider the limiting distribution of a second statistic Y2, which reduces 
to the arithmetic mean Y/N in a special case. 

Where possible, we shall follow Robbins’ notation. The probability 
that N=k (k=0, 1, 2,---) will be denoted by o;, where the 
@, = are functions of so that, for all A, 20 and w,=1. 
Furthermore, we set 


E(N) = k, 
k=0 


a= 
y? = Var (N) = wx -(k — a)? (y? < for all 
k=0 


k=0 
Clearly a, y?, and 6(¢) are functions of X. We restrict ourselves in this 
paper to cases for which 
limit 6(¢) = g(t) 


where g(t) is a characteristic function, so that (N—a)/y has a limit- 
ing distribution as A>». 


2. The statistic Y,;. The statistic Y; to be considered is to have a 
distribution function F(x) =P{ Yisu} of the form 


F(u) = > 


k=0 


where F,(u) denotes the conditional distribution of Y; when N=; 


Received by the editors April 15, 1949 and, in revised form, July 23, 1949. 
1 Work done under the sponsorship of the Office of Naval Research. 
2 Numbers in brackets refer to the references cited at the end of the paper. 
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this conditional distribution F,(u) shall be subject to the essential 
restriction that there exist constants a and c (with c>0) so that 


x 


too 


where q(t) is another characteristic function. It is clear that Y, will 
reduce to Y when F;,(x) is the kth convolution with itself of a random 
variable X such that E(X) =a, E(X —a)*=2, 0<e< | 

Now let o? =ac*?+-y’a?, and consider the random variable , 

— da 
Z, = 
o 

THEOREM 1. Suppose a#0. If as XA &© limit a= ~, limit a/y?=m 
(0<m<«o), then Z, has a limiting distribution whose characteristic 
function P(t) is given by 


The proof consists in showing that limit,.,. E(e?!)=(¢) for every } 
real ¢. In the proof we shall use 0{1) to denote a quantity which —-0 
as A— ©, and o*(1) to denote a quantity which -0 ~. 

We have 


E(e*41) = f ((u-aa) /9) dF. (4), 
k=0 


Since the hypotheses of Theorem 1 imply y—« as \—>~, we find 
that P{ | (N—a)/y| >yl?} =0(1) from Tchebycheff’s inequality. 
Hence 


E(ei#2:) 


o(1) f ett ((uaa) 0) dF. (4) 


|k—a| Sy*/? 


|k-a| Sy3/2 
ckil2 
where = ( ). 


Since t(ck!!*/o) for |k—a| we see 
that ?’ lies in a finite interval for any fixed value of ¢. Since (1) im- 
plies uniform convergence in any finite interval, we have uniformly 
for all k such that | k—a| 


LIMITING DISTRIBUTIONS 


, 
f et! ((u-—ak)/ck dF ,(u) 


q(t’) + o*(1) 


q(t’) + o(1) 


1/2 
a( «(= + 3) ) + 


making use of the fact that a—y’/?-+0 as }\—, and that a char- 
acteristic function is everywhere continuous. Combining these results 
we obtain 


1/2 
= o(1) + ) > wp - 
a 


c*m + |k—a| Sy?/2 


Now 


|k—a| Sy*/2 k=0 


ay 


a? 1/2 
+ =) ) 
We now have 


which proves Theorem 1. 

By proceeding in a similar manner, it is easy to verify that if 
either of the two sets of conditions (1) a0, limit a= «, limit a/y? 
=o, or (2) a=0, limit a= ~, limit a/y?=m’ (0<m'sS ~) hold, then 
Z, has a limiting distribution with characteristic function q(f). 


3. The statistic Y.. The statistic Y2 again has a distribution 
function F(u)=P{ Y.<u} of the form 


F(u) = 
k=0 


but the conditional distribution F,(u) of Y2 when N=k is now 
subject to the restriction that there exist a constant @ such that 


lim dF = m(t) 
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where m(t) is a characteristic function. 
Now let 


THEOREM 2. If as limit a= ~, limit a/y?=m’' (0<m's~), 
then Z, has a limiting distribution corresponding to the characteristic 
function m(t). 


The proof again consists in showing that limit ,.,. E(e‘‘7*) =m/(t). 


| 
Ms 


= f (ua) dF, 
k=0 
=o1)+ > ov f (44) 
|k—a| Sy?/2 


o(1)+ E (: (<)") + o(1 | 
|k—a| Sy3/2 


o(1) + wx 


|k—a| 
o(1) + m(i), 


which proves Theorem 2. 


4. Some examples. We conclude this paper by giving an example 
involving Theorem 1, and an example involving Theorem 2. First let 
N have a Poisson distribution with mean X, so that w,=e—A*/k!, 
Let #=(1/N) x;and put (x;—#)? where 
{x:} (i=1, 2, - - +) is a sequence of independent observations on a 
random variable whose fourth central moment yp, is finite. If we make 
use of the known fact that the sample variance (based on k ob- 
servations) is asymptotically normal with mean ye and variance 
(us—p2)/k, it follows from Theorem 1 that as \>~ the limiting dis- 
tribution of (Yi:—Ape)/(Aus)!/2 is normal with zero mean and unit 
variance. 

For the second example, let NV have a binomial distribution with 
parameters A, p, g=1—p, so that (k=0, 1, 2, - - -,X). 
Now let Y:=r/N where r is the number of successes in N inde- 
pendent trials with constant probability P of a success. It follows 
from Theorem 2 that (Ap)"/?[¥.—P] has in the limit a normal dis- 
tribution with zero mean and variance P(1—P). The statistic in the 
second example arose in a problem considered by Birnbaum and 
Sirken where Y2 represented the percentage of people voting yes when 
only N out of a random sample of \ were available for interviewing. 
The limiting distribution of Y: for this special case was obtained by 
Birnbaum and Sirken by a different method. 
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UNIVERSITY OF MICHIGAN 


BOUNDS FOR THE COEFFICIENTS OF 
UNIVALENT FUNCTIONS 


ARYEH DVORETZKY 


1. The purpose of this note is to give some estimates for the 
moduli of the coefficients a, of 


(1) w= f(z) = 2+ ae? + an" +---, 


assumed regular and univalent in |z| <1, in terms of the domain 
onto which | z| <1 is mapped through (1). A typical result, cf. (27), 
is that if this domain does not cover arbitrarily large circles, then! 
a, = O(log n). 

Let W be the domain in the w-plane onto which |z| <1 is mapped 
through (1) and denote by A(R) the radius of the largest circle with 
center on |w| =R the whole interior of which is contained in W, 
that is, 

A(R) = max min | w’ — (OS R< 
Our aim is to derive upper bounds for lan| in terms of A(R). 

Always A(R) <R+1 while A(R) =0 for sufficiently large R if and 
only if (1) is bounded in |z| <1. The function A(R) measures, in 
some sense, the extension of W. This “extension” has, however, 
little to do with area, in fact whatever the positive function a(R) 
there exists a function (1) mapping | z| <1 on a slit domain and for 
which A(R) =0(a(R)). 


Presented to the Society, August 30, 1949; received by the editors March 31, 1949 
and, in revised form, July 6, 1949. 

1 Throughout the paper, O and o refer to n—~« or R-~ according to which of 
the variables m or R appears in the formula. 
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It is well known that a,=O(m) for all functions (1) while a, 
=0(n~'/?) for bounded ones. These correspond respectively to no re- 
strictions on A(R) and to A(R) =0 for large R. As an application of 
our results we shall find a gradual transition between these extreme 
cases (cf. [1]? where some of the results proved here were announced). 

Very probably the estimates obtained here do not reflect in most 
cases even the correct order of magnitude. At any rate it seems that 
their main interest is in the qualitative, rather than the quantitative, 
aspect. Therefore we did not push as much as possible the evalua- 
tion of the constants involved, and also refrained from giving some 
rather lengthy refinements (similar to those used by Landau [2] to 
improve Littlewood’s |an| <en) which would slightly strengthen 
our results. 


2. It is well known that for |z| <¢<1, (1) satisfies 


If BEW, then 


is also univalent in | z| <1. Writing M for M(t) and applying (2) to 
g(z), we see that if 


(3) 
holds, then (1) maps || <¢ on a domain W, exterior to the circle 
M | 8|? 


Now let @ be real, B positive, and 6 satisfy 


(5) 0<b<1, 

and assume 

(6) 

and 

(7) < BX. 
M 


? Numbers in brackets refer to the bibliography at the end of the paper. 
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Then, if (3) holds, which certainly is the case if 


(8) 


is satisfied, we have 
| 
— R? M? —| | 


mM? —|p|?| M? — R? 
M* | Reis 
M? + | B| 
ié 
mM? | Re 
Thus, if 
(9) M | Re* — (M?+ R|B|) B|2(M? — R?) 
holds, then by (4) 
M2 
ié 
(10) Re® & W:. 


We note that, because of (6) and (7), (9) is implied by )B<1 and 
(11) (1+ + (1 — — bB)?. 


The quadratic equation in B obtained from (11) on replacing the 
inequality by an equality sign has a unique root in the interval 
0<B<1. Let B(d) be this root. Clearly B(b)-0 as b—1 and B(b)—1 
as b—0. 

It is easily verified that B= B(b) satisfies (8). We have thus from 
(10) that if 


2 


R? 
(12) A(R) < B(b) 7 
then no point of | w| = M*R/(M?—R?) is contained in W; and thus 
W.C 
M? — R? 
Or, in other words, (5), (6), and (12) imply 


hhh 

e 

. 

t 

- M? — | B|? 
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(13) f)| s — 
for |z| St. (¢ enters through (6) and (13) since M=M().) 


3. Before applying (13) we go through a reasoning devised by 
Littlewood [3] and somewhat simplified by Landau [2]. | 
With (1) also 


(14) = (f(2*))"? = ays” (a; = 1) 
n=1 
is regular and univalent in |z| <1. If we put 
| | 
(15) H(t) = max J | OS ¢ < 9), 
jsj=t | 2 
then 
| o(2)| S$ for |z| < #2 <1. 
Hence, since (14) is univalent, by evaluating the area 
n | Qn S tH(t) 
n=1 
and on dividing by ¢ and integrating, we get 
(16) | on <f H(t)dt (0<r <1). 
n=1 0 
But from (14) we have 
| 2n—1 | 1 2n—1 
| | r= | ayr”! (| ay + Oon—y by 
pool 2 v=1 
2n—1 
= Ay 


thus, by (16), we have for every 0<r <1 
1 r 

(17) —f H(t)dt. 
J 9 


(Equality can occur only for »=1 when f(z) reduces to z.) 


4. Asa first application we prove the following: 
There exists a finite positive K such that 


I 
20 
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(18) lim sup | | = KL 
n=2 n 

holds for all functions (1) for which 
A(R) 

(19) lim sup SL 
R=2 


Proor. Let by be any value of b satisfying (5), put By=B(b), 
and choose Ly with 


(20) 0 < Lo < doBo. 
A(R) is a continuous function of R satisfying A(0)>0 and A(R) 
=R+1. Therefore for every 0<t<1 the equation in R 


1 — 
(21) A(R) = BoR? \ 


has positive finite solutions. These solutions clearly form a closed 
set and we denote by R:=R,(f, bo) the smallest among them. From 
(13) we have: 


If 
bot 
(22) R< 
(1 — 2)? 
then 
(23) mis 
max z)| 


Note that if A(R) is replaced in (21) by a larger function, the 
effect is to increase R;. 

Let now L satisfy 0S L<LZ, and take L’ in the interval L<L’ <Lp. 
Then, using the remark just made, we have for large R (thus neces- 


sarily for with suitably fixed tp <1) 
(24) Ri < 


Because of (20), (22)—and thus also (23)—is satisfied. From (17), 
(15), (2), (23), and (24) we obtain 


to dt Py r dt 
| an |r” <f f : 
(1-2)? Bo(1 — bo) Jo (1 — 


= 
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integrating and taking r=1—1/n we have 

| | < 0(1) + L’en 
. 


or, since L’ may be taken as near L as we please, 


| Le 


lim su < —- 


On the other hand we always have according to Littlewood [2] 
(by an application of (2) and (17) with r=1—1/n) |a,| <en. There- 
fore 


2) 
Bo(1 — bo) Lo 


satisfies (18) as required, q.e.d. 


5. Next we proceed to show how our results allow the gradual 
passage from a,=O(m) in the general case to a,=0(n~/*) in the 
bounded one: 

Let 
(25) A(R) = O(R’), 


then we have 


(26) ad, = O(n?! forO<y81 
(27) a, = O(log n) for y = 0, 

(28) a, = O(1) for <0, 
(29) dn = O(n-1/242/ fory<—2. 


PROOF. y =1 need not be considered and in all other cases R; auto- 
matically satisfies (22) (indeed a stronger statement was established 
in §4). 

From (25) and (21) we have for t>to, with suitable ¢) <1 and cor- 
responding Ko, 

(30) < Ko(1 — 


Applying (17), with H(¢) estimated from (2) for ¢S¢o, and from (30) 
in we get (with constant - - - , Ks) 


| an | r< O(1) + K, f (1 om t)2/ 
0 


= 
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Thus if 0<y<2 we have 
| rm < K.(1 — 


while for y=0 we get 


| a,| 7" < Kz log 
1—r 
For r=1—1/n these formulas yield (26) and (27). 
Similarly for y <0, we have |a,|r*<K3 and thus (28). 
To obtain (29), we estimate from (13) and (30) the area of W;, 
thus obtaining (for >to) 


n| a, < < — 
This, for t=1—1/n, yields 
n| an |? = O(n”), 
and thus (29). 


6. As remarked at the beginning of the paper, the methods used 
can be manipulated to give somewhat better results. The O results of 
the last section can easily be replaced by results involving constants. 
In particular if, in the assumption (25), O is replaced by o, the same 
may be done in the conclusions (26), (27), and (29). 

Also instead of conditions such as (25) referring to A(R) for all R 
sufficiently large, it is possible to use conditions on mean values of 
A(R). Thus (28) holds if /¢R:dt is finite, and this can be secured by 
suitable assumptions on the mean value of A(R). 

Evidently, instead of R* in (25) we could equally well use other 
functions, for example e”7, and so on. 

Finally let it be remarked that the methods of this paper may 
also be applied to other classes of functions, in particular to func- 
tions which are p-valent (or p-valent in the mean). 
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LIMITING VALUES OF SUBHARMONIC FUNCTIONS! 
ELMER TOLSTED 


1. Introduction. In 1928, Littlewood obtained the following result 
[1, p. 393].2 


(1.1) THEOREM. Let u(r, 6) be subharmonic in the unit circle, r <1, 
and satisfy 


(1.2) f | u(r, 0) | = O(1), r<i. 
Then there exists a finite-valued function U(@), <2z, such that lim,.; 
u(r, 8) = U(@) for almost all values of 0. 


In 1934, Priwaloff published a generalization of Littlewood’s result, 
which turned out to be incorrect. When the domain under considera- 
tion is the unit circle, then Priwaloff’s generalization consisted in 
allowing “non-tangential” approaches to the boundary of the disc. 

In 1942, during the course of his lectures on Subharmonic functions 
at Brown University, the late Professor J. D. Tamarkin discovered 
an error in Priwaloff’s proof. Then in a letter to Tamarkin in 1943, 
Professor A. Zygmund described a counter-example to Priwaloff’s 
result. 

In this paper, we present several generalizations of Littlewood’s 
result (see §3) as well as several counter-examples to Priwaloff’s re- 
sult (see §4). 


2. Definitions and lemmas. Points on the unit circle will be denoted 
by e®; the point (1, 0) will be denoted by B. The coordinates (x, y) 
and (r, 6) will be used interchangeably to denote the point P, and 
(p, @) will be used to denote the point Q; here P and Q are points in 
the unit disc. The point inverse to P with respect to the unit circle 
will be denoted by P’(1/r, 6). 

The letter A denotes a positive absolute constant, though not al- 
ways the same from one occurance to another. 

We shall use the notation s=1—r7 and c=1-—p. 

The symbol L,(é) will denote the (short) line segment approaching 
the point e* from the interior of the unit circle and making an angle y 


Presented to the Society, November 29, 1947; received by the editors May 26, 
1949. 

1 Part of a thesis submitted in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at Brown University. 

2 Numbers in brackets refer to the bibliography at the end of the paper. 


636 


| 


LIMITING VALUES OF SUBHARMONIC FUNCTIONS 637 


with the radius vector to the point e*. We shall consider W positive if 
the rotation from the radius vector to Ly(&) is clockwise. For a fixed 
angle y, <m/2, the family of lines Ly(£), 0S £<2z, has for its 
envelope a circle of radius py= | sin Y| inside and concentric with the 
unit circle. We shall let Sy(é), OS~<7/2, denote the area in the 
ring pySp<1 between the lines and L_,(£). We shall use S,(£) 
to denote the area in the ring pySp<1 which is outside the sector 
Sy(E). 

The phrase “P may approach the unit circumference at the point 
e* along any non-tangential path” is equivalent to the statement 
“P may approach the point e* along any path which remains within 
some sector Sy(£), ¥<a/2.” For brevity this type of approach shall 
be designated by P—s,)e*. In general the nature of the path of 
approach shall be indicated as a subscript to the symbol —. 

A simple geometric argument yields the following result. 


(2.1) Lemma. Let P(r, 0) be a point on the segment L.(0), a<x/2, 
and let Q(p, @) be a point on the segment L.(r). Then there exists a 
constant ki, 0<ki< such that r>pat+(1—pa)/2 implies PQ2 


The Green’s function for the unit disc is given by 


g(P, Q) = log OP 


Littlewood showed that 
(2.2) 0 g(P, Q) S PQ? 


holds [1, p. 394]. We shall require further estimates of g(P, Q), similar 
to (2.2). To that end let a be fixed, | a| <2/2; then we can locate the 
point Q(p, @) by the coordinates (¢, r) where ¢=1—p, and L,(r) is 
the segment passing through Q meeting the unit circumference at e**. 
We shall divide the ring p>po into three sets Ri, Re, and R; defined 
explicitly in terms of the coordinates o and 7 of the point Q as follows: 


Ri: |o—s|Ss/2, Ss, > Po, 
Ro: lo—s|>s/2, lr| Ss, p> po, 
R;: |r|>s, p > Po. 
In R, we shall prove 
As? 1 


(2.3) Q) < — log 
Ss 


for s<—- 
2 


| 
| 
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We know that 


(2.4) RO 
= 10 — 10 

First note that r <1, and for Qin R, we have POSAs. Also PP’ =1/r 
for s<1/2, and P’QSPP’+PQSAs. At 
this point we use (2.1) to obtain the important fact that PQ2k,r 
where 0<k,< ©. Thus 


As? 


22 
k?r 


1 
Q) = log 
and (2.3) follows at once from the fact |s—s| <s/2 implies 1/2So/s 


<3/2. 
In R2 we shall prove 


(2.5) (P,Q) s 


s? + 7? 
By (2.2) we have that 
Ags 
But for Q in Re, |o—s|>s/2; and hence PQ?/22s?/8. By (2.1), 
PQ?/22kir?/2, and so we have 


(P,0) < Ags 
8/8 + 
which implies (2.5). 
In R; we have 
Ags 
(2.6) g(P, Q) 


which follows at once from (2.2) and (2.1). 

Finally, we shall need the following simple results on approxima- 
tions [1, §3]. 

Suppose that J*(r) is non-negative and monotone increasing to a 
finite J*(r) in 0S7 Sz and satisfies 


* 


liza sup 


n(p0); 


( 
Ags 
J*(r) 
then 
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* dJ*(r) 
(2.7) lim sup sf S An(p0), 
s—-+0 
sup s < 
0 s? + 
and 
i As 
(2.9) lim sup— f log —— dJ*(r) S An(po). 
7? 


3. Generalizations of Littlewood’s theorem. If «(P) issubharmonic 


in the unit circle, and if u(P) satisfies (1.2), then u(P) can be repre- 
sented as 


(3.1) u(P) = h(P) — f f Q)4F(Q) 


where h(P) is harmonic in the circle r<1, and satisfies 


(3.2) f | 6) | do = O(1), <i, 
and F(Q), the generalized mass distribution function associated with 
u(P), is a non-negative, additive function of sets satisfying 


(3.3) [fia-na@ 


The integrals in (3.1) and (3.3) are Stieltjes-Radon integrals extended 
over the unit circle, p<1 [1, Lemma 3]. 

Since h(P) satisfies condition (3.2), the limit of 4(P) exists for al- 
most all values of — as P approaches e* along any non-tangential 
path (see [4, Chapter IV, Theorem 1 and Chapter II, Theorem 7]). 
Having thus disposed of the harmonic part of (3.1), we have reduced 
our problem to the consideration of the behavior of the potential of 
positive mass distribution 


(3.4) w(P) = f f 0)4F(Q) 


as P approaches the unit circumference. 

Littlewood showed that w(P) had radial limit zero at almost all 
points of the unit circumference [1, Lemma 4]. Priwaloff tried un- 
successfully to show that w(P) had a non-tangential limit zero at al- 
most all points of the unit circumference. Since Littlewood showed 


| 
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that (1.2) and the combination of (3.1) and (3.3) are equivalent re- 
strictions on the subharmonic function u(P), the results in this paper 
are derived from the consideration of potential functions of the type 
(3.4) whose associated mass distribution functions F(Q) satisfy (3.3). 
Such potential functions of positive mass distribution are super- 
harmonic (see [3, 4.34] and [3, 1.1]). Since the negative of a super- 
harmonic function is subharmonic, we may apply the theory of sub- 
harmonic functions, with obvious modifications, to our potential 
functions (3.4) whenever necessary. 

We shall use the method of Littlewood to generalize (1.1) from the 
case of radial approach to the case in which the approach to the 
boundary of the unit circle is along the rotations of a fixed line seg- 
ment or a fixed curve. 


(3.5) THEOREM. Let u(P) be subharmonic in the unit circle, r<1’ 
and satisfy (1.2). Let L.(&) be a straight line segment which approaches 
the unit circumference at the point e* making a fixed angle a<a/2 with 
the radius vector to the point e*. Then there exists a finite valued function 
U(é), —xS&<zn, such that, for almost all values of &, 

lim, u(P) = U(é). 

ProoF. In view of the preceding remarks it will be sufficient to 

prove with the aid of (3.3) that 


for almost all values of £, O0S&<2rz. 
Let 
(3.7) don) = 
p>Po 


and let (po) =(e€(po))”*. By (3.3) we have that lim,,.: €(o0) =0 and 
thus that lim,,.1 = 0. 
Next we shall define 


(3.8) = f f ar) 


over the part of the ring p>p» between and including the segments 
L,(0) and L,(é). From the properties of ¢, F(Q), and L.(£) it follows 
that for po near to one, ®(£) is a monotone increasing function of £. 
In view of (3.7), remains less than 2€(po), OS and 
exists for almost all values of £. 
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Let E(po) be the set of values of £, < 27, for which 
(3.9) 0 S S 2n(0) 


and let C.E. be the complement of E. From the relations 


> f & (f)dt = m(C.E.)2n(00) 


we may conclude that the measure of C.E. does not exceed 7(po). 
At this set E(po) whose complement C.E. has measure not exceeding 
n(po) we shall show 


(3.10) lim sup f Q)dF(Q) 


Since 


uniformly in &, the left side of (3.10) is unaltered when the symbol 
p> po is suppressed and the integration taken over the whole of 
p<i. But then the left side of (3.10) does not depend on po; hence 


since (po) is arbitrarily small, (3.10) once proved implies (3.6) and 
establishes the theorem. 
Let now 


(3.11) J(é, = ff odF(Q) 


over the portion of the ring p> po between and including the segments 
La(é) and La(é+#). If now — is a point of E(po) we have by the char- 
acteristic property of E 
(3.12) lim sup ——— 3S 2n(po). 
10 | t | 

We may assume without loss of generality that B, the point for 
which &=0, is a point of the set E(po). We then write J(t) for J(0, ¢) 
and define 


(3.13) I*(t) = +|I(-d|. 
It follows from (3.12) and (3.13) that 


| 
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* 


(3.14) lim sup 
t++0 


S 4n(90). 


With the aid of (3.14) we shall prove (3.10) for the case §=0; 
namely 


(3.15) tim sup ff Q)dF(Q) < 
P+ p>Po 

thus establishing the theorem. In order to demonstrate (3.15) we di- 

vide the ring p> po into the three regions R;, R2, and R; described in 

§2 and establish the theorem by showing that 


(3.16) tim sup Q)dFQ) < i= 1, 2,3. 


P+ 


We shall need Fubini’s theorem and the inequalities quoted in §2. 
Let 


(3.17) a(P) = ff 
Ry 
By (2.3) we have 
As 
Ai(P) ff — log ——dF(c, 7); 
R, 
and by (3.11), (3.13), and Fubini’s theorem we may write 
As? 
AP) f — log — 
o § 7? 
But then by (2.9) and (3.14) we have that 
lim sup Ai(P) S lim sup — log —— dJ*(r) S An(po);: 
0 


s—+0 


and since P—B implies s—++0, we have 


(3.18) lim sup Ai(P) S An(po). 
P+71,(0)8 
Let 
(3.19) = ff 


By (2.5) we have 


195 


an 


Bi 


| 
| 
| al 
| 
a 
| 
T 
a 
( 
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f aF(o, 1); 


and by (3.11),(3.13), and Fubini’s theorem we may write 


A 
As(P) < f dJ*(z). 


But then by (2.8) and (3.14) we have that 


* ) 


lim sup A2(P) S lim sup As f S An(p0); 
s—+0 0 + 
and since P—B implies s—+0, we have 
(3.20) lim sup As(P) S An(p0). 
Let 
(3.21) a(P) = ff 
Rs 


By (2.6) we have 


and again using (3.11), (3.13), and Fubini’s theorem we may write 
* As 
As(P) f = 
T 


Then by (2.7) and (3.14) we have that 


* AdJ*(r) 
lim sup A;(P) S lim sup sf < An(p0); 


and since P->B implies s—+0, we have finally 


(3.22) lim sup A3(P) S An(po). 
Combining the results (3.18), (3.20), and (3.22) gives us (3.16), 
thus proving the theorem. 


(3.23) CoroLtary. Let C.(0) be a curve which approaches the unit 
circumference at B, and is tangent to L,(0) at B. Let C.(&) be the curve 
obtained by rotating the curve C.(0) through an angle £ about the origin. 
Then if u(P) is the subharmonic function of Theorem (3.5), we have 
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lim sup u(P) = U(é) 


for almost all values of £, OS§S2r. 


Proor. The proof goes through exactly as the proof of the theorem. 
The crucial part of the argument is the demonstration of Lemma (2.1) 
for P on C,(0) and Q on C,(r), which is needed to obtain the essential 
inequalities (2.3), (2.5), and (2.6). Lemma (2.1) may be proved for 
such curves C,(0) and C.(r) if they are tangent to the lines L,(0) 
and L,(r) respectively. If, however, the curve C,(0) oscillated rapidly 
as it approached the unit circumference, (2.1) would obviously be 
false, and the proof could not be carried out. The counter-examples 
in the following section need such rapidly oscillating curves. 


(3.24) CoROLLARY. For almost all values of £, OSE S27, 
lim u(P) = 


P 
for almost all values of a, a=a(é), OSa<7/2. 


Proor. Define the function X(a, £) as 


1 if lim «u(P) fails to exist, 
0 if lim  «(P) does exist. 
P+ 


It is not difficult to show that X(a, £) is a measurable function of the 
variables a and &. It follows from Theorem (3.5) that for fixed a, 
X (a, £) =0 for almost &. It follows immediately from Fubini’s theorem 
that for almost any fixed value of &, X(a, £) =0 for almost all a. This 
proves the corollary. 


4. Counter-examples. In view of the remarks made at the beginning 
of §3, a counter-example to Priwaloff’s theorem will be any potential 
function (3.4) whose associated mass distribution function, F(Q), 
satisfies (3.3) but which fails to have a non-tangential limit at a set 
of points on the unit circumference of positive measure. 

The following counter-example is essentially the one described by 
Zygmund in a letter to Tamarkin in 1943. 

(4.1) ExampLe. Consider the potential function 


(4.2) wi?) = f f 


Suppose the mass distribution function F,(Q) is totally discreet; that 
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is, the mass is concentrated at a denumerable set E of points con- 
verging to the unit circumference. For example, let 


where E, consists of m points equally distributed on the circumfer- 
ence of the circle of radius p, = 1—1/m with one of the m points lying 
on the positive x-axis. At each point of E, place a mass of 1/2*. 
Then the total mass contained in the set E, is 2/2" and we have 


Thus (3.3) is satisfied for the mass distribution function F,(Q). 
For y such that tan 27 <y<~7/2, it is not difficult to show that 
for sufficiently large m at least one point from each of the sets E,, 


Ensi, Eny2, lies within the sector S,(£) for any value of &, OSE 

Choose a path approaching e which passes through points of the 
sets E,, Eni, - - - and remains within the sector S,(£). At each of 
these points w:;(P) = + ©. Thus we have that 
(4.3) lim sup. w:(P) = + « 

(pe 


for all values of OS&<2rz. 

Since w;(P) satisfies (3.3) yet fails to have a finite non-tangential 
limit at every point of the unit circumference, we have a counter- 
example to Priwaloff’s theorem. 

It is interesting to note that 
(4.4) lim inf w;(P) = 0 

Posy 
for almost all values of £, OS£<2z. For Littlewood showed that the 
radial limit of a potential of the form (4.2) is zero at almost all points 
of the unit circumference [1, Lemma 4]. 

If, instead of considering sectorial approaches to the unit circum- 
ference, we restrict the path of approach to lie between any two 
distinct curves tangent to each other at the point e*, the limit of the 
potential function (3.4) may still fail to exist at all points of the unit 
circumference. It is easy to construct such a function by simply 
placing a denumerable infinity of masses on each of the circles of 
radius p, and at the same time preserve (3.3). 

The final counter-example is that of a bounded superharmonic func- 
tion whose associated mass distribution function F(Q) is absolutely 


— 


646 ELMER TOLSTED [October 


continuous. That means, for any Borel measurable subset e of the 
unit circle 


(4.5) = ff 


where f(Q) is a non-negative Lebesgue integrable function called the 
density function associated with the given superharmonic function 
(see [3, 4.33]). 

(4.6) EXAMPLE. Let the circles C,(P,;, R,), i=1,2,---, be the 
n circles whose centers are at the points of the set EZ, in (4.1) and 
whose radii are R, =1/2*. Consider the following function defined in 
the unit circle. 


0 for P outside i‘e circles C,,,; 

(4.7) we(P) = {1 — (R/R,)"™ for P within one of the circles C,, 

where P has polar coordinates (R, @) 


with respect to the point P,,. 


Outside the circles C,,,, w2(P) is harmonic since Aw2(P) = 0 trivially. 
For P within any one of the circles C,, the Laplacian is 
0? we 1 0? we 


Aw,(P) = Aw,(R, = —— — — ——— 


(4.8) 


Since the Laplacian is non-positive in the unit circle, our function 
(4.7) is superharmonic in the unit circle (see [3, 4.1]). 

The superharmonic function (4.7) takes on the value 1 at the points 
P,,; of E and the value 0 in the space between the non-overlapping 
circles C,;. Hence if we choose a path approaching e* through the 
points of E as in (4.1), we find that w.(P) will oscillate between the 
values 0 and 1. Thus at every point of the unit circumference (4.7) 
fails to have a non-tangential limit. 

According to Rado [3, 6.2] the density function associated with a 
superharmonic function is given by the formula 


(4.9) = (—1/2m) Aw,(Q). 


Thus for the superharmonic function (4.10) the density function is 
given by 


wh 


( 

| 
| 

( 

| ( 
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0 for Q outside the circles C,,,, 

1 

(4.10) f@Q) = {2x 2%* 

where Q is within C,, and has polar coordinates 


(R, 0) with respect to P,,. 


Since f(Q) in (4.10) is summable the mass distribution function, F(Q) 
is absolutely continuous. 

In order to show that (4.7) is our desired counter-example, it re- 
mains to show that (3.3) is satisfied by F(Q). But in view of (4.5) we 
may write (3.3) as 


(4.11) ff <+ @. 


Since f(Q) =0 outside the circles C,,,#=1, 2,---,n;2=1, 2, - 
we may write the integral (4.11) as 


For Q in C,, we have that 1—-pS1/n+1/2*; hence it follows from 
(4.10) and (4.12) that 


<+o, 


Thus (4.11) is satisfied and (4.7) is the desired counter-example. 


BIBLIOGRAPHY 


1. J. E. Littlewood, On functions subharmonic in a circle. 11, Proc. London Math. 
Soc. (2) vol. 28 (1928) pp. 383-394. 

2. I. Priwaloff, Sur un probléme limite des fonctions sous-harmoniques. Rec. Math. 
(Mat. Sbornik) N.S. vol. 41 (1934) pp. 3-10. 

3. T. Rado, Subharmonic functions, Ergebnisse der Mathematik und ihrer 
Grenzgebiete, Berlin, Springer, 1937. 

4. G. C. Evans, The logarithmic potential, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 6, 1927. 


Pomona COLLEGE 


GENERALIZATION OF A THEOREM OF OSGOOD TO THE 
CASE OF CONTINUOUS APPROXIMATION! 


A. M. OSTROWSKI 


In the historical development of the theory of convergence the 
following theorem of Osgood? has played a very important role: Sup- 
pose that the functions f,(x) are continuous in the interval (a, b) and with 
v— converge to a limit f(x) which is also continuous in (a, b); then 
to any €>0 there exists a subinterval (a’, b’) of (a, b) and an integer no 
such that 


| f(x) — f(x)| <e 


is valid in (a’, b’) for all vy>npo. 

Although since 1897 a great number of results in this direction 
have been found, Osgood’s theorem has not been as yet completely 
superseded and provides sometimes a useful means in dealing with 
convergent sequences. In what follows I prove an analogous theorem 
for the case of continuous convergence. 


THEOREM. Let f(t, x) be a continuous function of the point (t, x) 
fora<x<bandt=T and suppose that we have 


lim f(t, 2) = f(z) 


where f(x) is also continuous in (a, b); then for any €>0O there exists 
a subinterval J of (a, b) and a number Ty such that we have for x < J, 
t = To: 
(1) | f(t, — f(x)| <e (t= To, x < J). 
The proof of our theorem follows easily from the following 
Lemma. If f(t, x) is a continuous function of the point (t, x) for t=>T 
and a’ <x <b", where T is a positive integer, then a sequence of positive 


numbers t, tending to ~ can be found such that to each t=T there cor- 
responds a t, tending to © with t, for which we have 


| f(t, x) — f(t», x)| < 1/t. 


PROOF OF THE LEMMA. Since f(t, x) is uniformly continuous in any 


Received by the editors July 1, 1949. 

! The preparation of this paper was sponsored by the Office of Naval Research. 

2 W. F. Osgood, Non-uniform convergence and the integration of series term by term, 
Amer. J. Math. vol. 19 (1897) p. 161, the “Fundamental Theorem.” 
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rectangle a’’ Sx<b"’, nStSn+1, for n2=T, there corresponds to 
any integer »=T a positive integer N, such that we have 


1 

(2) | f(t, x) — x)| 
if ¢ and lie between and and |t—to| Si/N,, 
We subdivide all intervals (n, +1) with n2=T in N, equal parts and 
denote the division points from 4;=T on by h, th, - - - . Then for 
each t=T there exists a ¢, from the interval between [t] and [¢]+1 
such that ¢, S¢<t#,,; and therefore by (2) for all x in (a’’, b’’) 


1 1 


| f(t, *) fm 


Our lemma is proved. 

PROOF OF THE THEOREM. Without loss of generality T in the 
theorem can be supposed a positive integer. Apply the lemma to a 
closed interval (a’’, b’’) contained in (a, 6) and form for this closed 
interval and the function f(t, x) the sequence ¢, of the lemma. In 
applying Osgood’s theorem to the sequence of functions f(t,, x), toa 


given e>0 we find a subinterval J of (a’’, b’’) and an integer mp such 
that 


(3) | f(t, x) — f(x)| (v = m, x < J). 


Take then 7) such that 1/7)<e/2 and such that for each t2> 7», a 
t, corresponding to ¢ by the lemma has an index =m». Then we have 


(4) | f(t, x) — f(t, x)| S 1/t < 


for all x from (@’’, b’’) and the assertion (1) follows from the in- 
equalities (3) and (4). Our theorem is proved. 

Both the theorem and the lemma proved remain valid if ¢ goes to 
© through a set M which has a closed intersection with any finite 
interval. The necessary modifications in the proof are obvious. The 


case of a finite limiting point for ¢ is reduced to the case treated above 
by a linear transformation. 


NATIONAL BUREAU OF STANDARDS AND 
UNIVERSITY OF BASLE 


= 
=z 

| 


UNIFORM APPROXIMATIONS TO A CLASS 
OF BESSEL FUNCTIONS 


ALFRED M. PEISER 


1. Consider a function t(x, y), defined in x20, y20, with con- 
tinuous first partial derivatives, which satisfies the differential equa- 
tion 

ot ot 
Oxdy Ox dy 


(1) 0. 


It is well known! that /(x, y) is uniquely determined when boundary 
values ¢(x, 0) and #(0, y) are specified. By a straight-forward applica- 


tion of Laplace transforms, one may obtain (formally) the solution 


y) = +f Hw, 0)Ki(x — u, y)du 
0 


2 
” ° 2) 
+f [«0, v) + — v, x)d2, 
0 Ov 
where 
(3) K,(%, y) = *=0,1,2,---, 


and J, is the Bessel function of order m and imaginary argument. It is 
not difficult to verify, by direct differentiation, that (2) satisfies (1). 

In certain applications,? ¢(0, y) is given explicitly but #(x, 0) is 
given in terms of the values of #(x, y) at some other (fixed) value of y, 
namely, 


t(x, 0) =a+bt(x, P) or t(x, 0) =a+bt(S—x, P), 
where a, b, P, and S are constants. In such cases, one readily obtains, 
from (2), an integral equation for #(x, 0) of the form 
t(x, 0) 


— x, = F(x) + bi(x, Oe? + b f t(u, 0)Ki(« — u, P)du, 


Presented to the Society, April 30, 1949; received by the editors April 9, 1949 
and, in revised form, August 8, 1949. 

1 J. D. Tamarkin, Partial differential equations, Brown University Notes, 1941, p. 
21. 

* See for example, H. Hausen, Naherungsverfahren zur Berechnung des Warme- 
austausches in Regeneratoren, Zeitschrift fir Angewandte Mathematik und Mechanik 
vol. 11 (1931) pp. 105-114. 
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where F(x) is known. 

In the evaluation of (2) for particular boundary conditions,’ or in 
the solution of integral equations of the type (4), it is sometimes con- 
venient to replace Ko(x, y) and K,(x, y) by approximating functions 
which are more suitable for numerical or analytical work. For large 
values of the arguments, one could, of course, use the asymptotic 
formulas for the Bessel functions,‘ while for small values of the argu- 
ments, the power series expansions would suffice. It is desirable, how- 
ever, particularly in the case of the integral equation (4), to obtain 
approximations to Ko(x, y) and K(x, y) which hold uniformly in 

We shall show that, for suitably large values of y, Ky and K; can 


be approximated uniformly in x by means of the normal probability 
function, 


(5) &(x) = 

We find that 

(6a) (2y + 1)"*Ko(y + 1+ + 1)", y) = 
you 

and 

(6b) lim (2y)*/*Ki(y + y) = 


and obtain, for x20, the inequalities 


Kul ) 1 


(7a) 
0.321 5.101 0.894 
+ els, y 2 10, 
2yt1  (2y+ (2y + 
1 x— 
| Ki(x, y) — ) 
| \ 
(7b) 
0.167 0.800 0.694 
< evs, y = 10. 


y 3/2 yi 


Examination of tabulated values of the functions indicates that 


3 See, for example, P. Bateman, Partial differential equations, Dover, 1944, p. 125; 
A. M. Peiser, The unsteady state cooling of beds, submitted for publication to Industrial 
and Engineering Chemistry. 

4G. N. Watson, Bessel functions, Cambridge, 1945, p. 203. 
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these error estimates exceed the actual errors by at most about a 
factor of two. Better approximations to K» and K, may be obtained 
by means of asymptotic series involving the successive derivatives of 
(x). Series of this type are given in §6. 


2. The Laplace transforms. We define K,(x, y) to be zero when 
x <0 and consider the bilateral Laplace transforms 


y) -f e"K,(x, y)dx, RrA> 1, 


(8) = f e>*6(x)dx = 
By standard integration formulas, we find 


ko(d, y) = exp {- y+ + 1), RA > — 1, 


, 


y) = exp —exp{—y}, RA>—1. 


A+ 1 
Let 
Ho(x, y) = (2y + 1)"?Ko(y + 1+ x(2y + y), 
(9a) 
773 
x2 ——_» 
(9b) Ai(x, y) = (2y)"/*Ki(y + x(2y)*/?, y), — (y/2)"*. 
Then, if h,(A, y) denotes the bilateral transform of H,(x, y), we have® 
My + 1) 
3) = + 9) exp {2 FO 
(2y + 1)1/2 
(10a) 
= exp { 
My + 1) \/ 
1 2 1 1/2 
+ (1 + d/(2y + 
hy(d, y) = y) exp 
- — y +y/2)"2 
exp {= y+ 


5 R. V. Churchill, Modern operational mathematics in engineering, New York, 1944, 
pp. 294, 299, formula 81. 
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It follows from (8) that 


lim y) n= 0, 
yoo 
uniformly in each bounded region of the complex \-plane. From this 
result and from standard theorems for the Laplace transform, one 
can deduce (6a) and (6b). It is not necessary to give details at this 
point since we are going to prove the stronger results (7a) and (7b). 


ie\/2y+1—n 
(—1+ie)x Qyvt+l—a 


Cos 
A 
—(itie)V2y+1—n 
@------- ie\/2v+1—n 


Fic. 1 


By means of the complex inversion formula for the Laplace trans- 
form,® we can write 


(2y + 1 


where C, is any vertical line RA=a, with a> —(2y+1—n)"?, and 
where the principal value of the integral is to be taken. Now, h(a, y) 


1 
H, (x, y) = —f 2 = 0, 
2rid c, 


6 D. V. Widder, The Laplace transform, Princeton, 1946, p. 241. 
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is analytic at each point of the finite \-plane except for an essential 
singularity at \ = —(2y+1—2)"*. By asimple application of Cauchy’s 
theorem, we can replace the contour C, by the contour shown in Fig. 
1. We assume 0 <e<1. If we let 


1 


11 I,3 = 
(11) — 


f 


we can write, for 1, and x2 
| H,(x, y) | 
S | Ins — B(x) | +| Zar + + | + Ina}. 


In the following sections we obtain upper bounds for each of the 
quantities on the right-hand side of (12). 


(12) 


3. Preliminary lemmas. We first prove the following lemmas: 
Lemna 1. If a>0, —e<u<e<1, then 


Ou? 


1—e 


a 
ex = ¢*-+ iaue* + 
1+ 


LemMaA 2. If b>0, —e<u<e<i, then 


2° 


—1 Gi < i. 


To prove Lemma 1, we apply Taylor’s theorem in the form 
exp 4— 
P 1+ iu 


= iaue* — 


{ol <1. 


(13) 


u? exp {— a/(1+ w)} 
d 


— in) 

where C is the circle | w| =p, €<p<i. For won C, w=pe‘**, we have 

exp {— a/(1 + w)}) _ exp {— + w))} 
— in) p*(p — 

But, for p<1, 


R = real part. 


1 1 cos 1 
+p > 


i+w 


19 

L 
| 

( 

| 
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so that 


jexp {— o/(1 + w)}) 


Lemma 1 now follows easily from (13) if we let p—1. 
To. prove Lemma 2, we apply Taylor’s theorem in the form 


— i) 


where T is the contour shown in Fig. 2. We note that for w on IT, 


Fic. 2 


| w—in| >i—e, and that AB =(2e)"/", cos 8B =(€/2)'", cosa=e—1. 
For w w=e*, cos@>e—1, and we have 


1+cos@? b+1 1 
—1/2 
| f(a) | = (2 + exp 
| 1 b+1 
s exp {1 
(2e)1/2 4 
Hence 
1 f(w)dw 
(15) — —Is arc cos (e — 1). 
r, — iu) w(2e)*/2(1 — 
For w on w= —1+7e*, | w|?>1—e/2, n<r<(2e)'?, and 


B 
| 
| 
| 
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1 r b+ 1 ) 
| f(w) | = — exp {= cos cos 
r 2 r ) 
es 
r _” 2 2r 2 
Thus 
| 1 f(w)dw 
| r, — in) 
4 b+1/e\2 
(16) f — exp (<) bar 
m1—e(2—e)J, r 2r 2 


< 
— e)(2 — 


The same estimate holds for the integral over I'y. It is easy to show 
i w) 
(17) sof as — 0. 
| r, w?(w — iu) 
Combining (14), (15), (16), and (17), we obtain Lemma 2 


4. Error estimate for K,. To obtain the estimate (7b), we note 
first, from (10b), (11), and Fig. 1, that 


1 pew"? 


= — e**h,(iv, y)dv 


(2y)1/2 


1 [ 1 
=— exp 4 — 


— exp {— y + iv(y 2) | ae 


We apply Lemma 1 with a=v/2, u=v/(2y)', to obtain 


iv? 


—e(2y)'2 2(2y)*/? 
60° 2 1/2 


Combining (5) and (8), we have 


1 
(18) = et 


656 
} 
| 
| 
| 
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and we can write 
1 1 2 
| Tis — | s—f + f | |e-**/2dp 
4x(2y)*/? 


1 Qy)il2 
4ry(1 — J_. 


With the inequality 


é 


1 
f ov < — ve? 2dy = — 12, 
6 
we find 
(19) | #(2) | 1 4 ee €(2y)!/? 
x = 
a(2y)!/2 wl2(1 me(2)!/2 


For the integrals J; and J45 we make the change of variables 
A= (2y)?(—1+7). From (10b) and (11) we obtain 


(2y)? 


Thi + = 


jv|>1+e 


For real u, we can write e =1+1u+6u?/2, |0| <i. Hence 


1/2 : 
In + = (2y) |- ty + 
2s lol>1+e v 2v? 


Since x= — we have 


1/2 
| In + Ss f yet? 
v 


2x 
dv 
2 J 
But for y>0, 
| dv sinv | 
f e* — -\f do) < 
v v 
so that 
(2y)1/? { 
20 I I s ev 
(20) | Tur + Tis | wy 


To estimate let \ = (2y)'/2( —-1+2+e*). Then 


| 

| 

| 
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(2y)!/2 


z/2 
Iu = exp {(y + 1+ ie+ et) | 
0 


— 

Since x2 — (y/2)"?, 

(2y)*/ 


z/2 
| of exp {(y + 2(23)")(cos ¢ — 1)} 
0 


y cos 
[1+ exp 
| <P 1+ + 2esin ¢) 


(2y)*/2 [ {2 cos 
s ev 1 dd. 


With the change of variable sin (¢/2) =u, we find 
r/2 y cos 
ex d 
ti +a 


= 2exp 
i+ée 


exp {— 2yu?/(1 + &)}du 
0 


(1 — 
(21) 
< 23/2 ex { foe 
i+ée 0 ? 1+ 
= | ———-— exp 
y i+ 
Thus, 


(2y)*/? (- + “\" { \ 


The same estimate may be obtained for Ji». 


To obtain (7b), we take y210 and e=1/2. Then (19), (20), and 
(22) become, respectively, 


1 2 gua 
/4 = 
| Tis — raya + +- 


2 2 1/2 
90) + —(=) 


0.2252 1.130 


(23) 


+ 0.0864e—¥/5; 


y 


| 

| 
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( ut «| (=y < yn 
1 5\12 
s + (F) 
(25) 
0.0004 
+ 0.893¢-¥/5, 
Combining (12), (23), (24), and (25), we obtain finally 
0.236 1.130 


| Hi(x, y) — ®(x)| < 


1/2 
y! 


+ —— + 0.980e—»/5, 


Equation (7b) now follows from (9b) and this inequality. 


5. Error estimate for Ko. The procedure used to obtain (7b) may 
be followed with obvious modifications to obtain (7a). Accordingly, 
we shall only sketch the proof of (7a). From (10a), (11), and Fig. 1, we 
have 

1 


Ios = —  e**ho(iv, 
2m J 


1 e(2y+1) 
=— exp {- - 
J 2(1 + iv/(2y + 1)1/?) 
1+ iv/(2y+ dv 
2 1 + iv/(2y + 1)*/? 


We apply Lemma 2 with b =v", u=v/(2y+1)"”, to obtain 


1 e(2y+1)? iv? 
le =— eivz 


J 2(2y + 1)*/? 


— dv. 
+ D0 — 5 )) 


Proceeding as in §4, we find 


exp {— (€/2)(2y + 1)} 
+ 1)1/2 we(2y + 
2 
+ + cos (e — 1) + 


For the integrals Io, and Ios, we make the change of variables 


| Ios — B(x)| < 


(26) 


F 
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X= and obtain 
(2y + 1)" 


Tos + Tos = exp {— y— (y+1+ x(2y + 1)")| 


by\ dv 
|v|>1+e v 


with |6| <1. Since x= —(y+1)/(2y+1)"?, we find, as in §4, 
( 2y ) 


For Io, (and, similarly for Ig2), we let \=(2y+1)!/2(—1+2+e**), 
so that 


(27) | Tor + Tos| < 


Qy + 1)1/2 
Iu = exp 1+ x(2y+ 1+ ie + 
0 
y 
+ io 
ie + ie + 
and 
(2y + 1)!/2 
sr 0 
| 


y cos do 
1+ e+ Yesings (1 + + 2 sing)!” 


(2y + 1)'/? y cos 
< | exp { 
+ 4 1+ 


Using (21), we obtain 


(28) | < 


(2y op 1)!/2 { ey \ 
1+ 


If we take y210 and e=1/2, the inequalities (26), (27), and (28) 
become, respectively, 


1 4 2xe?*!4 8 
| Ios — (x) | < + | +5 
+ 1)? 3 3 
29 + 
w(2y + 
0.3184 5.101 


+ 


(2y + 1)*/ 2y+1 


| 
| 
| 
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(2y + + 4y/3) 
+ (2y + 


(30) | To + Tos | < 


(31) + | < 0.820e-»/8, 
Combining (12), (29), (30), and (31), we obtain 
0.321 5.101 
| Ho(x, y) — &(x)| < 0.894¢-v/5, 


Equation (7a) now follows from (9a) and the last inequality. 


6. Series expansion for K,(x, y). Each of the functions K,(x, y) can 
be expanded in terms of the successive derivatives of the normal prob- 
ability function. For Ko and K, ,we find, for example, 


+ 1+ x(2y + y) 


1 3y+1 
(2y + 1)? 3(2y + 1)? 
4y+1 (3y + 1)? | 
o(—); 


Ki(y + x(2y)"?, y) 


1 
Gye 
1 


1 1 


Asymptotic series of this type are common in statistics.’ They are re- 
lated to the moments, />x"K,(x, y)dx, of the function K,(x, y), and 
may be derived, for example, directly from the Laplace transform. 
Expansions of each of the functions K,(x, y), 722, may be obtained 
in this manner. 


HypDROCARBON RESEARCH, INc., NEw York, N. Y. 


7H. Cramér, Mathematical methods of statistics, Princeton, 1946, pp. 227-229. 
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BANACH-HAUSDORFF LIMITS 
W. F. EBERLEIN 


. Introduction. Let m denote the Banach lattice of bounded real 


sequences x=(xo, x1, with =sup,|%,| and x2y if 
%nZYn for all m. Let S denote the shift operator S(xo, x1, x2, - - - ) 
= (x1, %2, - - - ). Banach! has established the existence of real-valued 


functionals Lis) defined over m with the properties 
(1) L(ax+by) =aL(x)+bL(y) (a, b real); 
(If) =1; 
(111) L(x) 20 if x20; 
(IV) L(Sx) =L(x). 
The conditions (1)—(IV) imply that 


(1) L,(x) = lim inf x, S L(x) S lim sup x, = L*(z), 
n n 


whence a Banach limit of a convergent sequence is the ordinary limit. 

Designating the class of regular Hausdorff? transformations by 
H, we term L(x) a Banach-Hausdorff (B-H) functional or limit if in 
addition to (I)—(IV) it satisfies 

(V) L(Hx) = L(x) (H © §). 
The corresponding regularity property of B-H limits then takes the 
form: If the bounded sequence x is summable to a by some regular 
Hausdorff method, then L(x) =a for every B-H functional L. 

The obvious problem is the existence of B-H limits. Our solution 
yields simultaneously the existence and the domain of uniqueness— 
that is, the set of x in m on which all B-H functionals coincide.’ 


2. Hausdorff lore. We recall the following properties of the class 
§ of regular Hausdorff transformations: § is the convex Abelian 
semi-group of linear transformations of m into itself defined by the 
Toeplitz matrices (am,), where 


1 
(2) = Cun f m—"da(u) m) 


— (n > m); 


Presented to the Society, September 2, 1949; received by the editors August 1, 
1949, 

1S. Banach, Théorie des opérations linéaires, Warsaw, 1932. 

* F. Hausdorff, Math. Zeit, vol. 9 (1921) pp. 74-109, 280-299. 

* The domain of uniqueness of the ordinary Banach limits has been determined by 
G. G. Lorentz, Acta Math. vol. 80 (1948) pp. 167-190. 
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and the a(u) are real functions of bounded variation (BV) in the 
interval (0, 1) satisfying the end conditions: a(0)=a(0+)=0, 
a(1)=1. 

H in § is termed definite or completely regular’ (c.r.) if the generating 
function a(u) is non-decreasing or, equivalently, if all the matrix 
elements am, are non-negative. If H is c.r., ||H||=1 and 


(3) L,(x) L,(Hx) L*(Hx) L*(x). 


The standard decomposition of BV functions yields the canonical 
resolution of a regular H: 


(4) H = aH, — 1,620). 


Henceforth we need consider only the convex semi-group $,C$§ of 
c.r. Hausdorff transformations and may replace (V) with the equiva- 
lent condition 

(V bis) L(Hx) = L(x) (WH € $4). 

The following conventions will materially shorten our work: 

DEFINITION 1. C is the class of convergent sequences; Cy the subclass 
of sequences converging to 0 (null sequences). x~y if and only if x—y 
EC. 

Clearly ~ is a congruence relation under addition, scalar multipli- 
cation, and the operations H. 

DEFINITION 2. P(x) =infyes, L*(Hx); P_(x) = — 
=supaes, L+(Hx). 

Our basic results may now be formulated as 


THEOREM 1. (a) A n.a.s.c. that the linear functional L(x) on m be a 
B-H functional is that 


(S) P(x) S L(x) (x € m). 


(b) B-H functionals exist. 
(c) A n.a.s.c. that all B-H functionals coincide at x is that P_(x) 
= P,(x). 


That B-H functionals must satisfy the inequality (5) is an im- 
mediate consequence of (1) and (V bis). The condition P_(x) = P(x) 
is then obviously sufficient to ensure coincidence at x. 


3. Convexity. To establish the remaining assertions of Theorem 1, 
we derive the convexity and other necessary properties of P,(x), and 
then adapt the Hahn-Banach! extension procedure. The decisive role 
of the Hélder-Cesiro transformation Hox=y, where y,=(m+1)™ 


4Cf. G. H. Hardy, Divergent series, Oxford, 1949. 
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-(xo+ - + + +,) corresponds to a(u) =u, is due to the following ele- 
mentary property: 


LEMMA 1. H)Sx~Hox~SHox. 
The requisite properties of P(x) are 


Lemma 2. (a) Py(x+-y) S$ +P,(y); 

(b) P,(ax) =aP,(x) (20); 

(c) P_(x) SP,(x); 

(d) | Ps(x)| 20 if x20; 

(e) If xEC, =lim,x, and Ps(x+y) =lim,x,+P.(y); in par- 
ticular, Ps(x)=Ps(y) of x~y; 

(f) Ps(Hx) =Ps(x) (HEG+); 

(g) Ps(Sx) = P(x); 

(h) P,(Sx—x) =0; 

(i) Ps(Hx—x) =0 (HESG,). 


ProoF. (a) Given e>0, there exist H;, in such that L*(H,x) 
P(x)+e, Ps(y) +e. Set H; =H.H, = Then L*(H;x) 
= SL*(Aix) S P.(x)+e. Similarly L*(Hyy) <P.(y)+e. 
Hence P,(x+y) SL*(H3(x+y)) S +Ps(y) 
+2e. Since €>0 was arbitrary, P,(x+y) P.(x)+P.(y). 

(b), (d), and (e) are obvious, and (c) follows on setting y= —x in 
(a). (f) is an easy consequence of the definition of Ps(x) by way of 
(3) and the semi-group property of $,. Lemma 1 and (e), (f) now 
yield 

(g) Ps(Sx) =Ps(HoSx) = Ps(Hox) = Ps(x); 

(h) Ps(Sx—x) =Ps(HoSx — Hox) =0. 

To establish (i) note the ergodic’ property || —H,|| S2(n+1) 
of the operators H,=(n+1) Hi€§,. Thus | P:(Hx—x)| 
=| P.((H,H—H,)x)| <2(n+1)-||x||. being an 
arbitrary integer, P:(Hx—x) =0. 

We complete the proof of Theorem 1. That any linear L satisfying 
(5) is a B-H functional is now immediate: (II) follows from the 
identity P.(1)=1; (III) from Lemma 2(d); the identities L(Sx—x) 
=0 (IV) and L(Hx—<x) =0 (V bis) from Lemma 2, (h) and (i) respec- 
tively. 

Application of the Hahn-Banach extension theorem to the convex 
function P,(x) yields linear functionals L such that L(x) < P,(x). 
But then L(x) = —L(—x) = —P,(—x) = P_(x), whence the /. satisfy 
(5). 

5 Cf. W. F. Eberlein, Proc. Nat. Acad. Sci. U.S.A. vol. 34 (1948) pp. 43-47; 
Trans. Amer. Math. Soc. vol. 67 (1949) pp. 217-240. 
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Finally, the necessity of the condition P_(x)=P.(x) for coinci- 
dence of all B-H functionals at x is implicit in the extension proce- 
dure: If P_(y)<P.(y) for some y in m, the value of L(y) can be 
chosen arbitrarily in the interval P_(y) SL(y) S$ P,(y). For let L(x) 
=lim,x, (x€C), and recall that we may continue L into the sub- 
space x+ay (x€C, areal) by choosing L(y) arbitrarily in the interval 

sup {P_(x+ y) —L(x)} S$ L(y) S inf {Py(x+ y) — L(x}. 
z€c zEc 
But the second inequality reduces to the first (Lemma 2(e)), and our 
assertion follows on continuing L into the whole space m. 
Further developments will appear in a second note. 
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PROOF OF A THEOREM OF JACOBI 
N. J. FINE 


Jacobi' proved the following theorem: 
If G(z) is defined in [—1, 1], then 


Fi =f G(cos x) cos nxdx 
0 


(1) 


f G™ (cos x) sin?” «dx. 
0 


His first proof, for the case in which G(z) may be expanded in a power 
series, depends on the formula 


f cos? x cos nxdx 
0 


— 
= cos?" x sin?" xdzx, 
1-3-5 (2n — 1) 


(2) 


which is itself a special case of (1). His second proof, which assumes 
nothing about the derivatives of G(z) of order exceeding n, depends 
on the lemma 


sin nx 
(3) ——(1 — = -- - (2n — 1) 
nN 


where z=cos x. He points out that (3) may also be deduced from (1). 

We offer here a short proof by induction which does not involve 
previous knowledge of (2) or (3). For n=1 the theorem is seen to be 
true by an integration by parts. Now 


Inn = f G(cos x) cos x cos nxdx — f G(cos x) sin x sin nxdx 
0 0 


Tr 
= f G(cos x) cos x cos nxdx — nf Gi(cos x) cos nxdx 
0 0 


by integration by parts, where G,(z) is an integral of G(z). Applying 
the induction hypothesis to F(z) =zG(z) —nG,(z) and observing that 
F(z) =zG™(z), we get 

Presented to the Society, February 25, 1950; received by the editors August 16, 
1949. 
1C.G. J. Jacobi, J. Reine Angew. Math. vol. 15 (1836) pp. 1-26. 
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law = f F(cos x) cos nxdx 
0 


1 
1-3-5---(2 


Another integration by parts yields 


1 


Inu = f (cos x) sin?"t? xdx, 
1-3-5---(2n+1)Jo 


and the theorem is proved. 


UNIVERSITY OF PENNSYLVANIA 


f G™ (cos x) sin?" x cos xdx. 
1) 
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A REMARK ON THE MODULI OF RIEMANN SURFACES 
OF GENUS 2 


P. R. GARABEDIAN! 


1. Introduction. The object of this paper is to show how the prob- 
lem of determining moduli of conformal type for certain Riemann 
surfaces can be solved by using the theory of Riemann theta-func- 
tions. It is to be hoped that the basic ideas presented here, together 
with the results of Schottky [6]? and Poincaré [5] on relations be- 
tween periods of integrals of the first kind on closed Riemann cur- 
faces, will lead to further work with the theta-function method on 
the problem of determining conformal moduli. 

Our principal theorem is an extension to closed surfaces of genus 2 
of work done by Ahlfors and Beurling [1] on the moduli of triply- 
connected regions. Their result is found to be a special case of the 
theorem for closed surfaces, as will be seen from a consideration of 
the double of the triply-connected region, which is a symmetric 
closed surface of genus 2. The method of theta-functions used in this 
paper is, of course, quite different from the method of extremal 
length developed by Ahlfors and Beurling. Relations between the 
two methods and effective extensions of both to the treatment of 
moduli of more general Riemann surfaces offer an interesting field 
for further study. We remark that results on infinitesimally close 
Riemann surfaces have been obtained already in the general case by 
use of variational methods [2]. 


2. Riemann theta-functions. We consider a closed Riemann sur- 
face S of genus 2. On S we introduce the usual system of canonical 
cuts a, a, 8:1, Bs, and we define two linearly independent normal 
integrals of the first kind, w:(z) and w.(z), for z in S. The integral 
w,(z) has about a and az periods 6,:71 and 6,271, and has about ; 
and f periods a,; and a,2, 4=1, 2, where 5,, is the Kronecker delta. 
The quadratic form 


2 


is negative definite, when x; and x are real. Also, we have the sym- 
metry relation d,,=dy,. 


Presented to the Society, October 29, 1949; received by the editors July 25, 1949. 
1 National Research Fellow. 
* Numbers in brackets refer to the bibliography at the end of the paper. 
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We define the Riemann theta-function 


(1) = > exp { + 


associated with the closed Riemann surface S. This series converges 
for all complex values of , u2, and it represents an analytic function 
of considerable importance for the consideration of functions on S. 
Riemann found, using the theory of this theta-function, that every 
pair of complex numbers Vi, V2 has a representation 


(2) Vi = + wi(22), V2 = we(z1) + we(ze), 


where 2; and z are points on S, and he showed that this representa- 
tion is in general unique (Jacobi inversion problem). Furthermore, 
he proved the following representation, which is of fundamental sig- 
nificance for our work and is connected with the uniqueness of the 
representation (2). If the additive constants implicitly contained in 
the definition of the integrals of the first kind w,(z) and w,(z) on S 
are suitably chosen, then the zeros Vi, V2 of the function @(11, ue), 
that is, the points V;, V2 with 


V2) = 0, 
are given by 


(3) Vi = w,(2), V2 = w,(z), 


where z is a variable point of S, and this representation is in general 
unique. We shall consider throughout this paper that the constants 
implicitly contained in the integrals w,(z) and w.(z) have been chosen 
so that (3) holds. 

A detailed presentation of the notions and results which we have 
described here is given by Neumann [4]. We remark that an inver- 
sion formula of the form (2) completely solves the problem of finding 
moduli for the closed Riemann surfaces of genus 1. Indeed, such a 
formula leads to the complete discussion of these surfaces in terms of 
elliptic functions. Our principal object now will be to use the more 
refined formula (3) in order to find moduli for the closed Riemann 
surfaces S of genus 2. 


3. Moduli of conformal type. The Riemann surface S which we 
have discussed depends in its conformal type upon 6 real parameters, 
which we call a set of conformal moduli of S. That is, with each such 
surface we can associate an ordered set of 6 real numbers in such a 
way that there is a conformal mapping of preassigned topological 
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character of any one such surface, S, upon any other, S*, if and only 
if the corresponding sets of 6 numbers are identical. We shall prove in 
this section that the real and imaginary parts of the three complex 
numbers 411, dy, and d22 yield a set of conformal moduli of S of the 
kind we describe. By virtue of the identity a=a, we see that this 
will be proved if we show that the matrix ((a,,)) determines the 
conformal type of S uniquely. 

Let S* be a second closed Riemann surface of genus 2, and asso- 
ciate with S* a system of canonical cuts aj, a2*, 8;*, 8:* and a cor- 
responding pair of normalized integrals of the first kind w;*(z*), 
wz*(z*). Also to be associated with S* is a matrix of periods ((a%,)) 
of the integrals w;*(z*) and w*(z*) and a Riemann theta-function 
6*(u;, u2). We shall show that if the matrices ((a,,)) and ((a3,)) are 
identical, that is, if au=aj,, and then S can be 
mapped conformally and one-one upon S*, and the mapping which 
we shall construct in the proof will send the set of canonical cuts 
into a set of canonical cuts on S* which are equivalent 
topologically to a;*, a:*, B*, Be. 

Indeed, suppose that ((a,,)) and ((a3,)) are identical. Then from 
the definition (1) of the theta-function 0(m, u2) and the corresponding 
definition of 0*(u, uz), we obtain the identity 


(4) U2) = O* (11, U2). 


Hence the manifold of zeros Vi, Vz of @(u:, u2) is the same as the 
manifold of zeros Vi, Ve of 0*(u, uz). Thus we have not only the 
representation (3) of each point Vi, V2 on this manifold, but also the 
representation 


(S) Vi= wi(*), Ve= 
where 2* is a variable point on S*. Thus we obtain the relations 
(6) wi(z) = wir(z*),  we(z) = w*(z2*), 


between suitable points z on S and z* and S*. 

We maintain that the correspondence (6), which is in general one- 
one, yields a conformal mapping 2*(z) of S upon S* and at the same 
time yields the inverse mapping 2(z*) of S* upon S. These mappings 
can, indeed, be obtained by solving the first implicit equation (6) 
first for z* and then for z. The solutions can break down only at the 
critical points of w*(z*) on S* and the critical points of w:(z) on S. 
But near these points, we can use the second implicit equation (6) in 
order to determine the mappings 2*(z) and 2(z*). Indeed, the inte- 
grals w,(z) and w.(z) cannot have a critical point in common, nor can 
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the integrals w;*(z*) and w;*(z*). 

To prove the last statement, say for the pair of integrals w,(z) and 
w.2(z), we remark that by the Riemann-Roch theorem the functions 
w,(z) and w,(z) each have precisely two critical points on S. Thus if 
w,(z) and w.(z) had a critical point in common, then the single-valued 
analytic function 


dw,(z) 
dw2(z) 


would have either one pole or no poles on S, and hence it would be 
either univalent or constant on S. But both these possibilities are 
excluded by the fact that S has genus 2, and thus we should arrive at a 
contradiction. 

Coming back once more to the equations (6), we see that their 
solutions z*(z) and 2(z*) on S and S* are single-valued functions, with 
values in S* and S, since the period matrices ((a,,)) and ((a3,)) are 
identical. Thus, indeed, we obtain a one-one conformal mapping of 
S upon S*, as desired. It follows that the matrix ((a,,)) yields a set 
of 6 real moduli for S, as stated above.* 


4. Symmetric cases. The result of the previous section can be 
used to obtain a theorem of the type investigated by Ahlfors and 
Beurling [1] for triply-connected regions. Let D be a domain of the 
complex z-plane bounded by three curves C;, C2, and C3, which we 
may assume with no loss of generality to be analytic. Let w,(z) be 
that harmonic function in D with boundary values 1 on C, and zero 
boundary values on the C, with u¥v, v=1, 2, 3. Let W,(z) be the 
corresponding analytic function in D with w,(z)=Im { W.(z)}. The 
three functions W,(z) have in D a matrix of real periods, ((,»)), 
and these periods are completely determined by the subset pu, Pu, 
and px». We maintain that pu, pr, and pe are a set of three con- 
formal moduli for the triply-connected domain D, and we shall 
prove this using the result of §3, although simpler, elementary proofs 
are available. 

We can associate with D a closed Riemann surface S of genus 2, 
known as the double of D. The surface S is obtained by taking two 
replicas of D and identifying corresponding boundary points. The 


3 This procedure can also be used to show that there is always a nontrivial con- 
formal mapping of S onto itself. Indeed, since 0(u1, u2) is an odd function, we have in 
addition to (3) the representation V;= —w,(z), V2= —we(z) of the zeros of 0(u:, u2). 
Thus we can define a conformal mapping (2) of S onto itself by means of the rela- 
tions w,(Z) = —w,(z), we(Z) = —we(z). 
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normal integrals of the first kind w(z) and w.(z) on S can be chosen 
so that 


(7) w,(z) = = W,(z) + const., p = 1, 2, 


in D. Thus the matrix ((a,,)) for S is given by the relations 
(8) 2411 = 2a12 = 2d22 = Thre. 


We see immediately that if the periods pu, p12, p22 associated with the 
domain D are identical with the periods pf,, pi), p32, associated with 
a second triply-connected plane domain D*, then the double S of 
D can be mapped conformally upon the double S* of D*, by §3. 

Let 2*(z) be the mapping of S upon S*. Then we have from (6) 
and (7), for a suitably chosen real constant X, the relation 


(9) wi*(z*(z)) = wi(z) + 2, 


where w,*(z*), w=1, 2, 3, are the harmonic functions in D* cor- 
responding to the w,(z) in D, with boundary values 1 or 0 on the re- 
spective boundary components of D. Now the critical points of 
wi*(z*) and w;(z) must correspond in the mapping 2*(z), since this 
mapping is single-valued and univalent. Let zo and 2¢* be a pair of 
corresponding critical points, and let z, and 2;* be the points sym- 
metric to z and zg* on S and S*. Of course, z, and 2z;* are critical 
points of w,(z) and w;*(z*), respectively, by symmetry. 

We can continue the identity (9) analvtically from 2 to 2:, across 
C;. We have thus on the one hand 


(10) wi*(2*(zo)) = wi(zo) + A, 
while on the other hand, letting z=2z, in (9), we obtain 
(11) — wi*(2*(zo)) = — wi(zo) + A, 


since @;(2:) = — (zo), wi*(2i*) = —wi*(2e"). Adding (10) and (11), we 
have 


and thus (9) takes the simpler form 
(12) wi*(z*(z)) = w;(z). 


It is clear from (12) that the conformal mapping z*(z) of S upon S* 
yields, in particular, a conformal mapping of D upon D*. The de- 
sired theorem on the conformal moduli of triply-connected domains 
follows as an immediate consequence, since this proves that pun, 
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Pr, and p22 are a set of conformal moduli for D. 

We remark, finally, that in a similar way we can find a set of three 
conformal moduli for the Riemann surfaces R of genus 1 with 1 
boundary curve. Here again, the construction depends upon a con- 
sideration of the symmetric double S of R, obtained by identifying 
boundary points of two replicas of R. Clearly, the double S of R has 
genus 2, and the period matrix ((a,,)) associated with S satisfies three 
independent symmetry relations, namely, =d2, so that 
we are left with 3 real conformal moduli for R. The detailed investiga- 
tion of this second symmetric case is left to the reader, and its dis- 
cussion will lead to a more complete understanding of the present 
method. Suffice it to say that here the role which the harmonic func- 
tions w,(z) played for D is played by the integrals over the two canon- 
ical cuts on R of the normal derivative of the Green’s function of R. 
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THE REPRESENTATION OF REAL NUMBERS 
0. W. RECHARD 


1.0. Introduction. Let p22 be a positive integer and denote by 
E, the class of all continuous, strictly increasing functions f(x) on 
the interval 0 <x <p with f(0) =0 and f(p) =1. In a generalization of 
the decimal representation, Everett! has associated with every real 
number 0S <1 a sequence of integers 4, @, -- - , withOSc;Sp—1 
by means of the following algorithm: 


Y= f(y); 0sn<*?, 
(A) ci + f(y2), 0S v2 < 


cot+f(ys), OS73<>f, 


where f(x) is an arbitrary function in the class E,. 

Some functions (for example, f(x) =x/p, which leads to the repre- 
sentation of a number as a decimal to the base ») when employed in 
the algorithm (A) yield one-one correspondences between real num- 
bers and sequences of integers mod p. On the other hand, any func- 
tion, for example, whose graph has more than one point in common 
with any of the straight line segments connecting the points (j, 0) 
and (j+1, 1), j7=0, 1,---,p-—1, will obviously lead to a cor- 
respondence which is many-one. We shall denote by E,* the subclass 
of E, consisting of those functions which in the algorithm (A) give 
rise to one-one correspondences. 

The present paper contains very simple characterizations of those 
correspondences between real numbers and sequences of integers 
mod » which can be obtained by applying the algorithm (A) with 
functions from the classes E,* and E,—E,* respectively. By means of 
these characterizations it is possible to settle two of the problems 
raised by Everett and to give an answer (albeit not a completely 


satisfactory one) to a third, namely that of characterizing the class 
E,;* itself. 


2.0. Associated functions. For every function f(x) in E, we can 
define an associated function F(x) on O0Sx3S1 as follows. Define 
F(1) =1. If OSy<1, let ci, cz, - - - be the sequence of integers asso- 


Presented to the Society, November 26, 1948; received by the editors August 12, 
1949, 


1 Representations for real numbers, Bull. Amer. Math. Soc. vol. 52 (1946) pp. 861- 
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ciated with y by the algorithm (A) utilizing the function f(x); then 
define Fy) = 


2.1. THEOREM 1. If f(x) is any function in the class E,, its associated 
function F(x) is continuous and nondecreasing on 0Sx 31. 


Proor. Note first that for 0<y <1, F(y) S$ 07.1, p—1/pi=1=F(1). 
Now fix any two points a and 8 such that 0Sa<8<1, and let the 
sequences obtained from applying (A) to @ and 8 be respectively 
and dy, bo, ---. If F(8), let be the first integer 
such that a,+~b,. At the (w+-1)st stage in applying (A) to a and 8 we 
have respectively 


An = a, + 
Bn + F(Bn+1), 


and since the monotonicity of f(x) implies a,<8, it follows that 
a,<b,. Consequently, F(a)<F(8), and F(x) is nondecreasing on 
04331. 

Clearly, the range of values of F(x) includes every terminating 
decimal on [0, 1]. In fact, if c, c, --+,¢, is any finite sequence 
of integers mod p, then 


+ f(ce + + f(cn) +++ ))] = 


S(G@n+1), S(Bn+1) < 1, 


Consequently, since the terminating decimals are dense on [0, 1] and 
F(x) is monotonic, it follows that F(x) is continuous and, in fact, 
takes on every value on [0, 1]. 

2.2. Note that for f(x) CE, its associated function is uniquely de- 
fined by the functional equation 


(B) F[f(x)] = [x]/p + F(x — [x])/p, 


where [x] denotes the largest integer in x. Certainly, the associated 
function for f(x) satisfies (B). Assume that a function F(x) defined on 
[0, 1] satisfies (B); then F(0) =0 and F(1) =1. Moreover, if under the 
algorithm (A), y <1 corresponds to the sequence ¢;, ¢2, - - - , then we 
have 


0 71 < 
C2 + flys), 
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F(y) = Fif(v)] + F[f(v2) |/p 
= + c2/p? + Flf(ys)|/p? = --- 

2.3. If = F(x.) =c for (and, hence, F(x) =c for 

<x), then c is called a level value for F(x). It is easy to see that F(x) 


has the following property: if the algorithm (A) when applied to 
two distinct numbers a and @ yields in each case the sequence 


a1, @2, - + - , so that 0.aya2 - - - is a level value for F(x), then each of 
the numbers 0.a2a; - - - and 0.ta,;a. ---,71=0, 1,---,—1, must 
also be a level value. For if 

a= f(a), 0 > ay < p, 

a, = ad + f(a), 0 as < 
and 

f(&), 05% <p, 

& = a, + f(a), 0 S & < 


then the two distinct numbers a,—a; and &,—a, each yield under (A) 
the sequence dz, a3, - - -. Similarly, the two numbers f(a+7) and 
f(&+7) each yield the sequence 7, ---. 

This property of the function F(x) implies that it is either strictly 
increasing (as is the case if and only if f(x) is in Z,*) or else its level 
values, and hence its intervals of constancy, are dense on [0, 1]. 


3.0. The one-one case. If f(x) € E>, its associated function is con- 
tinuous and strictly increasing on [0, 1] to [0, 1]. We next inquire 
whether or not every such function is associated with some function 
in Ef. 

THEOREM 2. If F(x) is any continuous, strictly increasing function on 
OsxS1 with F(0)=0 and F(1)=1, then it is the associated function 
for a unique function f(x) in the class E,*. 


Proor. Define f(x) = F—[[x]/p+F(x—[x])/p], OSx<>p. Clearly, 
f(x) GE, ,and since F(x) satisfies the functional equation (B), it must 
be the associated function for f(x). This, in turn, implies that f(x) 
€E,*. Since any function in E,* which has F(x) as its associated func- 
tion must satisfy the above equation, f(x) is unique. 

3.1. Theorems 1 and 2 completely characterize those one-one 
correspondences between real numbers and sequences of integers 
mod ~ which can be obtained by applying the algorithm (A) with 
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functions from the class E,*. They are simply the correspondences 
which can be obtained from the class of all continuous, strictly increasing 
functions F(x) on (0, 1] to [0, 1] by defining the sequence corresponding 
to the number + to be the sequence of integers in the non-(p —1)-terminat- 
ing expansion of F(vy) as a decimal to the base p. 

3.2. Also as a result of Theorems 1 and 2 we can state that a neces- 
sary and sufficient condition for a function f(x) to belong to the class 
E;* is that it have the form f(x) = F—[[x]/p+ F(x—|[x])/p], OSxSp, 
yy F(x) is a continuous, strictly increasing function on [0, 1] to 

0, 1}. 


As an example, if p=2 and F(x) =x", then 
fe = 0 1, 

=> 
+ 1 2. 


From this we can give a periodic representation of the mth root of a 
rational number R<1. In fact, ---)), where 
0.rir2 - - - is the dyadic expansion of R. 

3.3. Let A be any denumerable dense set on [0, 1] with OCA and 
1€A (for example, the set of all algebraic numbers on [0, 1]). There 
exists a function f(x)CE>* such that a number a is in A tf and only if 
a=f(aitf(a2+ ---+f(a,) ---)) for some finite sequence of integers 
Q, G2, +--+, a, with OSa;Sp—1. For, by virtue of Theorem 2, it is 
sufficient to show that there exists a continuous, strictly increasing 
function F(x) on [0, 1] to [0, 1] which maps the set A onto the en- 
tire set T of numbers on [0, 1] whose decimal expansions to the base 
p are terminating. 

To define the function F(x), order the sets A: ag=0, a;=1, a2, ---, 
and T: t9=0, 4: =1, te, - - - . Define F(0) =0, F(1) =1, and F(a.) 
Now suppose that F(x) has been defined in monotonically increasing 
fashion at all points a;, 7<m, with values in the set T. Let a; be the 
largest number a; such that j<m and a;<da,, and let a; be the small- 
est number a; such that j<m and a;>a,. Then define F(a,) to be the 
first number ¢ in T such that F(a;) <t< F(a,). Clearly, F(x) is thus 
defined on the set A and is strictly increasing. Moreover, on A, F(x) 
takes on every value in the set T. Since both T and A are dense in 
[0, 1], we can extend F(x) continuously to the entire interval [0, 1] 
and obtain the desired function. 


A 


4.0. The many-one case. Let us turn now to the problem of char- 
acterizing those many-one correspondences between real numbers 
and sequences of integers mod p which can be obtained by applying 
the algorithm (A) with functions from the class E, —E,*. In terms of 
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associated functions, the problem is that of characterizing the func- 
tions F(x) which are associated with functions f(x) in E,—E,*. 

4.1. A continuous, nondecreasing function F(x) on [0, 1] with 
F(0) =0 and F(1) =1 will be said to have the property (P) if, when- 
ever a number 0.aja2 - - - (decimal to the base ) is a level value for 
F(x), each of the numbers 0.a2a; - - - and 0.ta;a. ---,7=0,1,---, 
p—1, is also a level value for F(x). It shall be understood that if a 
number which can be represented by both a terminating and a 
(p—1)-terminating decimal is a level value, then every such number 
between 0 and 1, and one, but not necessarily both, of the numbers 0 
and 1, must also be level values. 

If G(x) is defined for 0Sx <p by G(x) =[x]/p+F(x—[x])/p, and 
if F(x) has the property (P), then a number ¢ is a level value for F(x) 
if and only if it is a level value for G(x). For suppose? =0.a,a2 - - - 
is a level value for F(x); then property (P) implies that F(x«,) = F(x2) 
for Consequently, G(x:+ a1) 
=a;/p+ F(x:)/p=ai/p+ F(x2)/p=G(x2+a1) =t, so ¢ is a level value 
for G(x). Conversely, if G(é:) =G(&) =t for £:*£ and [€,] = [&], then 
= = pt— [£1] - - and property (P) im- 
plies that ¢=0. [&,|cice - - - is a level value for F(x). 

4.2. In §2.3 we saw that the associated function of every function 
in the class E,—E,* is nondecreasing but not strictly increasing on 
[0, 1] to [0, 1] and has the property (P). We shall now show that the 
converse is also true. 


THEOREM 3. Let F(x) be a nondecreasing function on |0, 1| with 
F(0) =0 and F(1) =1. If F(x) is not strictly increasing and has the prop- 
erty (P), then it is the associated function for infinitely many functions 
f(x) in the class E,—E,*. 


Proor. As in §4.1, define G(x) = [x]/p+F(x—|[x])/p for OSx<p; 
then we seek a function f(x) in E, such that F[ f(x) ]=G(x). 

For every number ¢, 0StS1, denote by Epr(t) the set (either an 
interval or a single point) of points x such that F(x)=¢. Define 
mr(t)=g.l.b. Er(t) and Mp(t)=l.u.b. Ep(t). Similarly, denote by 
Eg(t) the set of points x such that G(x) =#, and define m¢(t) =g.1.b. 
E¢(t) and Meé(t)=1.u.b. Eg(t). Now define f[me(t)]=mr(t) and 
f[Me(t)]=Mr(t). Then f(x) is defined for every point on [0, »] not in 
the interior of an interval of constancy of G(x). The fact that F(x) 
and G(x) are nondecreasing and that ¢ is a level value for F(x) if and 
only if it is a level value for G(x) insures that f(x) is strictly increasing. 


2 If t=q/p we take the terminating or nonterminating decimal representation for / 
according as 0 or 1 is a level value for F(x). 
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On every open interval of constancy of G(x), that is, on the 
intervals m¢(t)<x< Me(t), we can define f(x) quite arbitrarily sub- 
ject only to the restrictions that it must be strictly increasing and 
must take on every value between mp(t) and Mp(t). The function 
f(x) is then defined on the entire interval [0, p], is strictly increasing, 
and takes on every value in the interval [0, 1]. Consequently, it is 
continuous and belongs to the class E,. Moreover, it follows at once 
from the definition of f(x) that F[f(x)]=G(x). 

Theorem 3 completes the characterization of those functions F(x) 
which are associated with functions f(x) in the class E,—E;¥. 

4.3. All of the examples of functions in the class E,—£, which 
Everett constructed give rise to correspondences with the following 
two properties: (1) the only sequences of integers which correspond to 
more than one real number are terminally periodic; and (2) the set U 
of those numbers which are associated uniquely with a sequence of 
integers has measure zero. This led him to raise the following two 
questions: (1) do there exist functions which in the algorithm (A) 
associate with more than one real number the same nonterminally 
periodic sequence of integers? (2) do functions exist with sets U of 
every measure between 0 and 1? 

Stated in terms of associated functions the questions are: (1) do 
there exist functions whose associated functions have nonterminally 
periodic decimals as level values? (2) do functions exist whose asso- 
ciated functions have their sets of points of increase of every measure 
between 0 and 1? As a result of Theorem 3, we can clearly give an 
affirmative answer to both of these questions. 


5.0. A homeomorphism from E, onto E>. If f(x) is any function in 
E,, then F*(x) =f(px) is a continuous, strictly increasing function on 
[0, 1] to [0, 1]. As such it is the associated function for some function 
f*(x) GE,*. We can thus define a one-one transformation T of E, onto 
E;* by simply setting T7f=/f*. If E, and E,* are regarded as subsets 
of the metric space of continuous functions on [0, p] (where the 
distance between two functions f and g is given by max \f—g| ), this 
transformation is, in fact, a homeomorphism as will be established in 
Theorems 4 and 5. 

5.1. In the following sections we shall have occasion to use the 
theorem? from the theory of functions of a real variable which states 
that if the functions fi(x), fo(x), - - - are continuous on the closed in- 
terval [a, b|, then a necessary and sufficient condition that lim,.. f(x) 
=fo(x) uniformly on |a, b] is that fa(x) =fo(xo) for each point xo 


3 See, for example, Townsend, Functions of real variables, p. 350. 
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in |a, b|. As an easy application of this theorem we have the fact that 
af fi(x), fo(x), - + + is amy sequence of continuous, nondecreasing func- 
tions on |a, b] which converges at every point of |a, b| to a continuous 


function f(x), then fo(x) 1s nondecreasing and the convergence is untform 
on [a, 


5.2. THEOREM 4. If the functions f,(x)\GE,, n=1, 2,---, con- 
verge on [0, p| to the function f(x) CE,, then their corresponding asso- 
ciated functions F,(x), n=1, 2, - - - , converge uniformly on [0, 1] to 


F(x), the associated function for fo(x). 


ProoF. It follows from §5.1 that it will be sufficient to show that 
lim,.. F(x) =Fo(x) pointwise on [0, 1]. Moreover, if we show that 
lim,.«. F(x) =Fo(x) at each point x on the open interval (0, 1) for 
which 0 < Fy(x) <1, then the convergence on the entire interval [0, 1] 
follows from the fact that the functions F,(x) are continuous, non- 
decreasing with F,(0)=0 and F,(1)=1, »=0,1,---. 

Let y be any point on (0, 1) such that 0< F)(y) <1, and let € be 
an arbitrary positive number. Choose two numbers A =0.aia2 - - - a 


<Fi(y) and - - -b:>Fo(y) such that Fo(y)—A <e and 
B—F,(y) <e. Then 


folar +--+ + fo(bi) ---). 


§5.1 implies that lim... f(x) =fo(x) uniformly on [0, |, and hence, 
for n sufficiently large, 


+ + falas) ) 
= an < ¥ < Bn = fr(bi + + 


Moreover, Fn(a@,) = Fo(a) =A and F,(8,) = Fo(8) = B. From the mono- 
tonicity of the functions F,(x) it follows that for sufficiently large, 
ASF,(y) SB and hence | Fo(y) — F,(y)| <e. 

As a corollary to Theorem 4 we have the continuity of the trans- 
formation T—! from E,* onto E>. 


5.3. THEOREM 5. Let Fo(x), Fi(x), --- be a sequence of continu- 
ous, strictly increasing functions on [0, 1] to [0, 1], and let f(x), 
filx), - - + be the sequence of functions in the class E,* such that F,(x) 
is the associated function for f,(x), n=0, 1,---.Jf lima... F,(x) 
=F (x) on [0, 1], then limn.o fa(x) =fo(x) uniformly on [0, p]. 

Proor. Since each of the functions F,(x) is strictly increasing, 
n=0,1,---, the inverse functions Fy'(t), Fy'(#), - - - converge to 
Fo *(t), and by §5.1 the convergence is uniform. Moreover, it will again 


= 


—— 
— 
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be sufficient to establish that lim,..f,(x) =fo(x) at every point x on 
[0, p]. The theorem follows immediately then from §5.1 and the fact 
that 


fn(x) = F,, [[x]/p + F,(x [x])/p], 0 = 0, 1, 
Theorem 5 establishes the continuity of T from E, onto E,;¥. 


THE Onto STATE UNIVERSITY 


THE NONLINEAR DIFFERENTIAL EQUATION 
+p(x)y+cy*=0 


EDMUND PINNEY! 


Among the limited number of nonlinear differential equations 
whose exact solutions are known is to be included 


(1) + p(x) y(x) + c/y*(x) = 0, 


for c constant and p(x) given. The general solution for which (xo) 
=70%0, y'(x0) is 


(2) y(x) = [u2(x) — }*/2, 
where u, v form a fundamental set of solutions of the linear equation 
(3) y"(x) + p(x) = 0 


for which u(xo) =yo, u’(xo) =y¢ , =0, #0, where W is their 
Wronskian: W=uv' —u’v=const.~0, and where the radical in (2) 
stands for that root which at x» has the value yo. 

The proof is very simple and will be omitted. 


UNIVERSITY OF CALIFORNIA, BERKELEY 


Received by the editors July 18, 1949. 

1 Done in connection with the Office of Naval Research contract N6 ONR 251 T.O. 
2 at Stanford University. I am indebted to Prof. R. E. Langer for a simplification of 
the result. 
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THE GREEN’S FUNCTIONS FOR THE RECTANGLE OBTAINED 
BY THE FINITE FOURIER TRANSFORMATIONS 


A. W. JACOBSON 


1. Introduction. When the finite Fourier transformation method 
is employed, the solutions of very general boundary value problems 
(in contrast to initial value and mixed problems) can be expressed in 
terms of special functions.' In this paper we propose to derive, in 
terms of a special function to be introduced, a new formula for the 
Green’s function for the Laplace equation Au =0 in a rectangle such 
that u vanishes on the boundary. 


2. The function B(x, u). In this section we introduce a key func- 
tion and obtain its inverse Fourier cosine transform. If |r| <1, 
then log (1+re#)=— }°2, (—r)"e**/y. Also if R?=(1+r cos 6)? 
+r? sin? @ and tan ®=r sin 0/(1++7 cos 8), then 


log Re® = log (1 + re**) 


Equating the real part of (1), we get 


log R = log [1 M 2r cos 6 + r?]1/2 
(2) —1)’r’ cos vO 


Vv 


When |r| <1, the series (2) is a Fourier cosine series. The Fourier 
cosine transforms, defined by the operation C{ F(x)} = /3F(x) 
cos nx dx =f.(n) (n=0, 1, 2, -), are except for the Pea tor 4/2 the 
coefficients of a Fourier cosine series. Hence, in view of ( 


, we get 
1 
C {log = (n = 1,2,---) 
1+ 2r cos 0+ n 
=0 (n = 0). 


It can be shown that (—1)*f.(n) =C{ F(x—x)}. Using this fact and 


Received by the editors April 18, 1949 and, in revised form, June 27, 1949. 

1A. W. Jacobson, A generalized convolution for the finite Fourier transformations, 
Thesis (Microfilmed), University of Michigan, 1948. Also see Solution to steady state 
temperature problems with the aid of a generalized fourier convolution, Quarterly of 
Applied Mathematics, vol. 7 (1949). 
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putting r=e~*, 0=x, we obtain when 220 the following formula: 


(3) C {log (mn = 1,2,---) 


2(cosh z — cos x) n 
=0 (mn = 0). 
Let 5,(n, u) denote the function 


nsinh 


Also let By(x, ~) denote the inverse cosine transform C-{bi(n, u)}, 
of the function 5,(”, uw). When r—u20, we have according to formula 
(3) 
By(x, = — log Il 
4[cosh (2»yo+-yo— —cos x] [cosh — cos 


3. A boundary value problem. Let it be required to determine the 
temperature V(x, y) in a rectangle R when the source function 
H(x, y) is a prescribed, sectionally continuous function of x and y 
and such that V vanishes on the boundary. That is, let V(x, y) be 
the solution of the following problem: 


Vas + View == A(x, y) in R, 
(A) V(x, +0) = V(x, yo — 0) = 0 (0<x<n), 
V(+0, y) = V(x — 0, y) = 0 (0 < y < y). 


The Fourier sine transformation, defined by the operation S{ F (x)} 
= F(x) sin nxdx=f,(n) (n=1, 2,---), in particular, yields when 
applied to the second derivative of F(x) the formula 


S{F"(x)} = — n*f.(n) + n[FO) — (—1)*F(x)]. 


Applying the sine transformation with respect to x to the equations 
in (A), we obtain in view of the last condition the following trans- 
formed problem: 


(A’) — nv(n, y) = h(n, ¥), 


v(m, 0) = v(m, yo) = 0, 


where 


h(n, y) = S{ H(z, 
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The solution of the transformed problem, in terms of the Green’s 
function g(m, y, u), is? 


vo 
0 
where 
sinh np sinh — y) 
g(n, y, uw) = — (u S y) 
n sinh nyo 
sinh ny sinh n(yo — pz) 
n sinh nyo 
or 
cosh m(yo— y— nu) cosh n(yo — y +n) 


2n sinh nyo 2n sinh nyo 


and the same expression with y and yw interchanged when p2y. 
According to formula (4) this can be written 


The inverse cosine transform of b(n, u) is the function By(x, x). 
Hence, if C-"{g(m, y, u)} =G(x, y, u), we have 


(7) G(x, = Bio(x, : 2-1Bi2(x, + p). 


The solution (6) of the transformed problem can then be written 
Yo 

0 


The product of the two transforms in (8) can be expressed in terms 
of the sine transform of the convolution of the two functions. For if 
P(x) is even and Q(x) is an odd sectionally continuous function, and 


if O(x+27) = Q(x), then 
C{P(x)}S{Q(x)} = 2-18 { P(x) +Q(x)}, 


where the convolution is defined thus:? 
P(x)+Q(x) = f P(x — r»)Q(A)A. 


Hence the solution (8) becomes, upon inverse transformation, 


2 E. L. Ince, Ordinary differential equations, Dover, 1944, p. 258. 
*R. V. Churchill, Modern operational mathematics in engineering, McGraw-Hill, 
1944, p. 274. 
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1 
V(x, 9) = f G(s, 9, »)* 


or 


1 vo 
0 
Since H(A, pu) is extended as an odd function of \, we get 
1 vo 
0 0 


wet I(x, A, =2-1[G(x—a, —G(x+A, |. Then the 
function [' is the Green’s function for the boundary value problem 
(A). In terms of our function B(x, «), formula (7), it can be written 


T'(x, y, = 4-*[Byo(x — A, yo — y — — Bio(x — yo — +H) 
Bi2(x +d, yo — y — + +r, yo — y+u)]. 

4. Relation between the function B,, and the Weierstrass’s sigma 
function. The Green’s function K for Au=0 in the rectangie R: 


0<x<z, 0<y<yo, with «=0 on the boundary is in terms of the 
Weierstrass’s sigma function o: 


(9) 


1 a(z — wi, we)o(s + §, wi, 
10 K =a 1 
( ) 4 H) o(z @1, we)o(z + @1, we) 


where 
iy, C= A+ in, T=XA— in, 7, we = 


The expression for the Green’s function [ for the same problem, 
obtained in the preceding section, is given in terms of the function 
By by formula (9). The two functions, K and I’, are equivalent. Com- 
paring the two expressions above, it can be shown that the function 
By is related to the sigma function. For the various arguments of 
By the following relations hold: 


2 
— », yo — B) = — = log | of 


+2 


4 R. Courant and D. Hilbert, Methoden der mathematischen Phystk 1, Berlin, 1931, 
p. 335. 

5 A. W. Jacobson, A generalized convolution for the finite Fourier transformations, 
Thesis, University of Michigan, 1948, pp. 76-84. 


= 


A. W. JACOBSON 
2 
Bio(x — A, yo — y = — —log | + 
m1 
- (y—u)?]+C 
2 
+, yo — y — = — —log | + 
T 


and 
2 
+, yo — y+ u) = — —log | o(z — 

m1 

+ — [(x +d)? — (y— +, 


where the constants 7; and C are defined as follows: 


r 


sinh? 
and 
1 + 
C = — log 2 — — log ]] (1 — 


UNIVERSITY 
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ON THE TWO-DIMENSIONAL DERIVATIVE 
OF A COMPLEX FUNCTION 


VINCENT C. POOR 


1. Introduction. We are considering here the two-dimensional 
derivative of the complex function f(z)=u(x, y)+7(x, y) over a 
domain D of the complex plane. This special case of higher-dimen- 
sional derivatives was treated by Cioranescu [1]! and by making the 
limit independent of direction he arrived at a unique derivative, and 
in this sense monogenic. The class of functions arising was studied 
recently in the Bulletin by Haskell [2] and by Reade [3], in which 
some interesting results were obtained using certain mean value 
theorems. 

The purpose of this paper is briefly to analyze and synthesize these 
results using a new and different viewpoint, and to characterize 
more explicitly this class of polygenic functions. In particular in ex- 
tending these results a second class of monogenic functions will be 
introduced. The whole setup leads to a complete dual or analogue to 
the first class of functions. This dual situation will be developed; 
sufficient details to exhibit this completeness will be given. 


AREOLAR MONOGENIC FUNCTIONS 


2. Areolar monogeneity. Cioranescu arrives at this two-dimen- 
sional derivative by selecting a rectangle in D with vertices z, 2, 2’, z 


in positive order with ¢ as slope angle of one side. He then considers 
the 


(2.1) fe’) — fa) — Lf) — 


— 2)(z2 — 2) 


If kh and & are the lengths of the sides of the rectangle, the numerator, 
a function of # and k, may be expanded into a double power series in 
hand k. The denominator will contain the area hk and an exponential 
factor function of ¢. The limit is then taken and those terms involving 
the direction ¢ are set equal to zero, making the limit or two-dimen- 
sional derivative unique and independent of ¢. Complex functions 
possessing this derivative at every point of the domain D have been 
called “areolar monogenic” in the domain. This type of monogeneity 
is characterized by the equations 


Presented to the Society, April 17, 1949; received by the editors July 9, 1949 and, 
in revised form, August 10, 1949. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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(2.2) = — (Vez — = — Uyy 


or according to Cioranescu these functions are solutions of the dif- 
ferential equation 


(2.3) 


which is the equivalent of (2.2). The derivative itself is v,,—iu., 
while u and v are biharmonic functions. The notation 0f/da is used 
for the Pompeiu [4] areal (or areolar) derivative. 


3. Basic theorems. We turn now to some fundamental theorems, 
which will be useful in the sequel. 


THEOREM 1. If f(z) possesses a differential of the form df=fdx 
+f,dy in a domain D of the complex plane, then for the circulation 
J f(z)dz around every rectifiable closed curve c in D to exist and be finite 
it is necessary and sufficient that the areal derivative Of/da exist and be 
finite at every point of D. 


The proof given in another paper will be omitted here; however, the 
proof leads to the circulation theorem. 


i 1 af 
. = — ff 


as a consequence. 


CorRoLuary. If f(z) 1s continuous, the necessary and sufficient con- 
dition that f(z) be analytic is that Of /da =0. 


The vanishing of the areal derivative is identical with the Cauchy- 
Riemann equations. 


THEOREM 2. If f(z) is continuous in D, then the necessary and suffi- 
cient condition for f(z) to be areolar monogenic in D is that the areal 
derivative Of /Oa be analytic in D. 


The necessity. Here f(z) is areolar monogenic by hypothesis; we wish 
to prove that 0f/da is analytic. 

We construct a function f(z, 2’) of two independent variables such 
that when 2’ is replaced by 2, f(z, 2’) becomes f(z). We first observe 
that 0f/da =Of(z, 2’) We now solve the defining equation 


| 


As 


TH 


| 
| ; 
| 
| 


1950] TWO-DIMENSIONAL DERIVATIVE OF A COMPLEX FUNCTION 


for f(z); or 


dz"? 
so that 0f/dz’ =g(z) and 
f(z, 2’) = 2’g(z) + A(z) 


where g(z) and h(z) are arbitrary functions of z subject to the defining 
equation 0?f(z, 2’)/dz’*=0. Hence 


(3.2) = 2g(z) + h(z). 
Evidently then 


Of (z) oh Og 
g(z), — = — = 0, 
0a Oa 0a 


and since f is continuous g(z) and A(z) are analytic in D and this 
makes the areal derivative 0f/da analytic in D, which was to be 
proved. 
The sufficiency. By hypothesis 0f/8a=g(z), an analytic function 
of z in D, or Of(z, 2’) | = g(z) = Of/02’. Hence 
2 2 2 
02’? dz’? 
or f(z) is areolar monogenic in D. 
A simple alternate proof is to apply the corollary under Theorem 1; 
since g(z) is analytic 0g(z) /da=0=0"f/da?. 


THEOREM 3. If f(z) is continuous in D, ihen for f(z) to be areolar 
monogenic in D it is necessary and sufficient that 


(3.3) = 2g(z) + A(z) 
where g and h are analytic functions of z. 


The necessity. This part of Theorem 3 was established (3.2) in the 
proof of Theorem 2. 
The sufficiency. Here (3.3) is given or 


f(z, 2’) = 2’g(z) + A(z) 


while 


of 2’) 


0a: = 


| 
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then it is evident that 0?f(z) /da? =0, or f(z) is areolar monogenic. 


4. Related theorems. We wish to show here how some of the re- 
sults obtained by Haskell [2] and by Reade [3] are related to the 
theorems obtained above. The principal theorem of the Haskell paper, 
though differing in appearance, is comprehended in Theorem 2 above. 
This is also true of Haskell’s Theorem 2 for the domain D—E, where 
E is a countable set. This is then extended to D through the Menchoff 
[5] theorem. 

_ The consideration of other theorems requires the application of 
the following 


Lemma. If o(z, r) is a circular disk, center z, radius r, in D, then 
the average or mean value of the analytic function f(z) integrated over the 
area of the disk is equal to the value of the function at the center of the 
disk and 1s given by the equation 


1 
(4.1) fe)=— | 
o(z,r) 

Proor. Beckenbach and Reade [8] have observed that if f(z) is a 
harmonic polynomial, equation (4.1) or the lemma is valid. To ex- 
tend this result to analytic functions, we call f,(z) the sum of the first 
n terms of the series representation of the analytic function; this gives 


1 
—| = f,(2). 
But this relation constitutes two identical sequences of harmonic 
polynomials; their limits n— © are therefore equal. This proves the 
lemma. 

Briefly, we state that the lemma is applicable when a(z, r) is re- 
placed by the area P(z, r) of a regular m-gon which circumscribes the 
circle [8]. 

Continuing then: Theorem A and Theorem 1 of the Reade paper 
[2] require that there exist a function 


1 
at 


analytic in D as the necessary and sufficient condition for f(z) to be 
areolar monogenic. The notation c(r, z) is used for the circle radius 
r, center at 2. 

In the light of Theorem 2 we need only show that g(z)=0f/da. 
We first transform g(z) by the circulation theorem (3.1) so that 


(4.2) g(z) = 


| 
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(4.3) g(z) = 


1 of 
=a, 
e(z,r) a(z,r) CA 
o here being the circular area. For f(z) areolar monogenic, 0f/da is 
analytic by Theorem 2 above. The lemma just proved makes the right 
member of (4.3) equal to 0f/da at z, so that g(z) is analytic. Con- 
versely, if g(z) is analytic, the limit as r—-0 of the right member of 
(4.2) is by definition 0f/da. This makes 0f/da analytic and f(z) 
areolar monogenic. 

The argument just concluded is also a proof of the Haskell analogue 
to the Morera theorem (Theorem 3). Similarly, Reade’s Theorem 2 
is obtainable by making some adjustments. In (4.3) we replace mr’ 
by P, the area of a regular m-gon, and c(r, 2) by p(r, 2), the perimeter 
of the n-gon where 7 is the radius of the inscribed circle with z as 
center. The extension of the above lemma makes the right member 
of the adjusted equation (4.3) equal to 0f/da at z, while the limit as 
r—0 of the adjusted (4.2) is the areal derivative again by definition. 
This theorem is essentially a repetition of Reade’s Thoerem 1. 


MEAN MONOGENIC FUNCTIONS 


5. Mean monogeneity. The class of mean monogenic functions 
may be arrived at in various ways. The following direct derivation 
seems the most satisfactory. Briefly then we modify definition (2.1) 
by replacing the denominator by its conjugate in which case the new 
limit becomes 

[fey cos 26 — 2+ (frz — fyy) sin 2p 
(5.1) = bez — Uyy — + + Ver — 
+ sy — + + + — 
omitting the many details. 
To make this limit independent of direction we set the coefficient 


of the exponential function equal to zero making the limit inde- 
pendent of direction with the result that 


(5.2) = Vez — Vyy; = — (ez — thyy) 
or its equivalent 

(S.3) = 

where 0f/08 is the Kasner [7] mean derivative or 


. 
f 
og 2iAc; Cj 


| 
| 
| 
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Solutions of (5.3) will be called mean monogenic functions because of 
this close relation with the Kasner mean derivative. The unique 
mean monogenic derivative itself is —v.,+iu2, while, again, u and v 
are biharmonic functions. 


6. Theorems of mean monogenic functions. We can now prove the 
analogue to Theorem 1. This theorem leads to the circulation theorem 


where c in D is the boundary of the area o as before. We now state 
two theorems to emphasize the duality between the two classes of 
functions considered here. 


THEOREM 4. If f(z) is continuous in D, then for f(z) to be mean mono- 
genic in D it 1s necessary and sufficient that the mean derivative Of(z)/dB 
be an analytic function of 2 in D. 


THEOREM 5. If f(z) is continuous in D, then the necessary and suffi- 
cient condition for f(z) to be mean monogenic in D is that it have the 
form given by the equation 


(6.2) f(z) = 2p(2) + 
where p and q are analytic functions of Z. 


The proofs of these two theorems will be omitted since the argu- 
ments follow those of Theorems 2 and 3, respectively. Analogues to 
the theorems of Haskell and of Reade may be stated and proved for 
the class of mean monogenic functions. 


7. Duality. We shall here try to expose the completeness of the 
duality existing between the areolar and mean monogenic functions. 
In addition to the two theorems just stated together with the ana- 
logues just mentioned we supplement their weight by 


THEOREM 6. If f(z) is areolar monogenic and at the same time mean 
monogenic in D, then 


(7.1) = + b2 + cB + d. 
In our proof we have from our hypothesis the relation 
(7.2) S(2) = 2g(2) + h(z) = 2p(@) + 


obtained from (3.3) and (6.2). 
Since the highest degree term in (7.2) is 23, it follows that g(z) 
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and (7.2) then becomes 
azz + + h(z) = azz + bez + g(2) 


if we write a for a; and a2. From this we have h(z) =aqz+d and q(2) 
=(2-+d; the adjustment of the constants gives (7.1). 

To strengthen our conclusion we may note that if f(z) is in the 
general form for an areolar monogenic function given by (3.3), then 


F(z) = 2g(z) + = + 


or if the coefficients of g and / in expanded form are real numbers, 
then f=2g(2)+4(z). In any case f(z) is the standard form for mean 
monogenic functions. On the other hand when f(z) is given by (6.2) 


f(z) = + = 2¢(z) + 


or equals 2p(z)+-q(z) for real coefficients as before. Here f is areolar 
monogenic. In other words, every function of one class has an exact 
correspondent in the other. We are thus justified in saying that to 
every theorem pertinent to one class of functions there is an exact 
dual theorem valid for the other class. 

With the above analysis we may conclude that the duality between 
areolar and mean monogenic functions is complete. The forms given 


by (3.3) and (6.2) also completely characterized these two classes of 
functions. 
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NOTE ON PRESERVATION OF MEASURABILITY 
ROY B. LEIPNIK 


If m measures X (that is, m is a countably subadditive function on 
subsets of X to the non-negative reals), and if f is a function on sub- 
sets of Y to subsets of X, it is natural to inquire into the behavior 
of the composite function where (A) =m(f(A)) for each ACY. 
Rather obvious sufficient conditions are given below for to measure 
Y, and for a subset A of Y to be n-measurable. 

Several definitions are necessary. A subset C of X is called m-meas- 
urable-F if and only if m(TOD) =m(T™ DOC) +m(TADM(X —C)) 
whenever 7CX and DEF. A subset B of Y is called a set of m-con- 
tinuity-f if and only if m(f{(B)Of(Y—B))=0. Suppose henceforth 
that (*) m(f(A)C\(X —Usescf(B))) =0 whenever ACY and & is a 
countable covering of A by subsets of Y. 


THEOREM 1. If (*), then n measures Y. 


Proor. If ACY, and & is a countable covering of A by 
subsets of Y, then n(A)=m(f(A)) Sm(f(A)OUsescf(B))+m(f(A) 
O(X—Usesef(B))) =m(Usex(f(A)f(B))) 
< zesem(f(B)) = so that measures Y. 


Lemma 1. If (*), BC Y, and CCY, then n(BOC) Sm(f(B)Mf(C)). 


Proor. Since BO\CCB and BO\CCC, 
Nf(C))) = m(f(BO (X — f(B))) OC) (X — f(C))) 
<m(f(BAC) A(X —f(B))) +m(f(BAC) (X—f(C)))=0. Hence 
n(BIVC) + — f(B) 


THEOREM 2. If (*), A ts a set of m-continuity-f, and f(A) is m-meas- 
urable-range f, then A is n-measurable. 

Proor. Suppose TC Y. By Lemma 1, 2(7T(\A) Sm(f(T)Mf(A)) 
and (T\(Y—A)) Sm(f(T)Of(Y—A)) (A)) 
Sm (f(A) —A)) +m(f(T) 
(\(X—f(A))). By hypothesis, m(f(A)(\f(Y—A))=0 and m(f(T) 
(\f(A)) +m(f(T)\(X —f(A))) =m(f(T)) =n(T). Therefore n(TOA) 
+n(TV\(Y—A)) Sn(T). 


REFERENCE 
1. T. J. McMinn, Restricted measurability, Bull. Amer. Soc. vol. 54 (1948) p. 1106. 
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A NOTE ON INTERPOLATION 
GEORGE KLEIN 


Let f(x) be a function of period 2m and let J,(x; f) be the trigono- 
metric polynomial of order m coinciding with f at 2n+-1 equidistant 
points 


{ xo, = { xo, Xo + h,---, + 2nh}, 
1 2 
(1) k= kh, = 
2n+1 


of the interval [0, 27]. The familiar formula of Lagrange for I,,(x; f) 
can be written in the form 


1 2r 
(2) f) = SOD p(x — 


where D,(u) =2-!>-?__,e*” is the Dirichlet kernel and @24;(#) is 
a step function constant in the interior of the intervals [xo+kh, 
xo+(k+1)h| and having a jump h at the points x9+kh.! Thus 
@en4i(t) is determined up to an arbitrary additive constant. It is 
well known that J,(x; f) need not tend to f(x) even if f is everywhere 
continuous. 

S. Bernstein? pointed out that the situation is considerably im- 
proved if we consider the trigonometric polynomial of order nm as- 
suming at the points x, the values 


(3) 2-1{ — h/2) + + h/2)} (k =0,1,---, 2m). 


In this case, for every bounded f, the interpolating polynomials are 
contained between the upper and lower bounds of f and converge to 
f at every point of continuity, the convergence being uniform over 
every closed interval of continuity. The same holds if we take the 
polynomials assuming at the points x; the values 


(4) 2*{ f(x — h) + 2f(xx) + f(xe + 


or 


(5) 2-*{ f(x. — 34/2) + 3f(ae — h/2) + + h/2) + f(xe + 3h/2)} 


Received by the editors June 21, 1949. 

1 This notation seems to have first been used by J. Marcinkiewicz, On interpola- 
tion polynomials (in Polish), Wiadomosci Matematyczne vol. 39 (1935) pp. 207-221. 

2S. Bernstein, Sur une modification de la formule d’inter polation de Lagrange, Com- 
munications of the Mathematical Society of Kharkov vol. 5 pp. 49-57. 
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(k=0, 1, - ++, 2m”), and so on. 

It is natural to expect that in the cases (4), (5), and so on, the con- 
vergence of the interpolating polynomials to f is stronger than is (3), 
and we shall show that this is so by proving that then even the 
differentiated polynomials converge to the derivatives of f, provided 
the latter exist (a fact which has practical uses). More precisely, our 
result is as follows: 


THEOREM. Let p be a positive integer and let f be a bounded measur- 
abie function of period 2x which has at the point x’ a derivative of order 
j<p. Let Tn,p(x; f) be the trigonometric polynomial of order n which as- 


sumes at the points x,=xot+kh (kR=0,1,---, 2n;h=h,=2x/(2n+1)) 
the values 
—1 ! 
(6) fu= (a + (i where = — 
2 1! (p —1)! 
Then 
di 
(7) lim —— Tn, f) = f(x’) - 


In this theorem the number x»=x%” may depend on n. The deriva- 
tive here is taken in the generalized sense due to Peano and de la 
Vallee-Poussin, that is, if for small values of | ¢\ , 


ay, a2 
where the a’s are constants and ¢€,—0 as t—0, then f is said to have a 


jth generalized derivative at x, which is equal to a;. 
Using (2) one easily sees that 


f) 


1 
1 Pp 
—1 


If p is odd, then dwen4i(¢—(j—(p—1)/2)h) may be replaced by 
dwen4i(t), and if p is even,—by dwen4i(t+h/2). Setting, therefore, 


ll 


| 
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= if p is odd, 
and 


= h/2) if pis even, 


we see that 


1 2r 
(8) f) = —f — t) devon 1(t) 
0 
where 
iz p-1 
2? j=0 2 
(9) 
= ivu i( (p—1)/2) 
vh 1 vh 
e** cos? — = — + > cos vu - 
v=—n 2 2 v=1 2 


In formula (8) we can write dwen4:(t) instead of dw},,,(¢), since this 
amounts to translating x» by h/2 for p even, and as we have already 
stated our %o is arbitrary. If the vth partial sum of the polynomial 
I, (see (2)) is denoted by I,,,, we have 


1 2r 
(10) Ins fy =— 
Let us apply summation by parts to the last sum in (9). We get 


n—1 


Da,p(%) = D,(u)A cos + D,(u) cos? 


and this inserted in (8) gives (see (10)) 


n—1 


nh 
Ta. f) = + Tale f) cos? 


v=0 


For any sequence do, a, ---, we use the notation Aa,=a,—da,41, 
A‘a 

Let Si, and Ji, denote the kth Cesaro sums and the kth Cesaro 
means, respectively, of the sequence /,,, for m fixed. Thus 


| 
| 
| 2 
| 
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k s.. 


In» = ——, with @ 


Applying to the right side of (11) repeated summation by parts we 
easily get 


v 


h 1 p(n — 
+ f)A cos 


n—2 


v=0 


h 
=> S? (a; cos" = 


v=0 


(n—ptk)h 
k=0 2 
h 


= > ix; cos” — 
v=0 


k=0 2 
Hence 
di n—p—1 di h 
(12) 
1 
9 


By way of making clear our reasons for expressing d’T,,,,(x’; f) /dx! 
in the form (12), we observe first that if f happens to be a trigono- 
metric polynomial P, then the theorem is true. For then, as seen 
from (6), f)=(1/2*) Cys P(x+(j—(p—1)/2)h). Dif- 
ferentiating this equation j times and letting n—~, we get 
T2,(x’; f) p(x’). Furthermore we can find a polynomial P which 
has the same derivatives as f at the point x’. Subtracting P from f, 
we can suppose that f(x’ +t) =o(|t] 4) if f(x’) exists. Our task is 


then to show that for such f the expression (12) approaches zero as 


A, | 
+= 
n 2 
| 
| 
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To this end we shall evaluate the orders of the various terms on the 
right side of (12) for such f. In particular we shall show that 
di 
(13) asv— ©,» Sn, forj =0,1,---,p-—1. 
x 


Once (13) is established, it will immediately follow that 
di p—k 
(14) — I,,*(x’; f) = ov), R= 
dxi 
For k=0, (14) is the assertion (13). We assume that (14) has been 


proved for k=0, 1,---, Then 


di p—(ki+1) ph 
f) 
dxi Tn,» (x AA,-1 dxi Sf) 


A? dxi 
¥ 


O(v)-o(v™) = 


This proves (14), given (13). 
We shall also need the facts 


h i 
2 n 
and 
(16) * cos” = o(—). 
2 n*® 


These follow from the fact that A?=0(y”) and that A?t! cos? 
(vh/2) =O(1/n?+), A?-* cos? (((n—p+k)/2)h) =O(1/n?), the last two 
being consequences of the mean value theorem and the fact that 

With this information we show that d‘T,,,,(x’; f)/dx’—0 for f of the 
prescribed type, by denoting in the expression (12) the two sums by A 
and B, where 


n—p-l qi h 
A= — I? (x’; 
dxi 2 


= S o)-0(—) = o(1), by (13) and (15), 


n 


— 

| 
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and where 


OX 


P 1 
=> o(nt)-0(—) = o(1), by (14) and (16). 
k=O n* 


We see therefore that our theorem will be proved if (13) is established, 
and we now proceed to that. 
We note first that 


f) = =f (x — t)dwen+1(t), 


where K?(u) is the pth Cesaro mean of order v of the Dirichlet kernel 
D,(u). Thus it is clear that 


- Ky d 


di 
f(x’ + t) x + t). 
dti 


Hence we have 


di » 1 
(17) s —f | t|’- -K x’ t), 
dxi 


where ¢€; is non-negative and approaches zero with t. 
It is shown in Zygmund, Trigonometrical series, p. 259, that 


di 
(18) K()| 
dati 


and that | diK?(t)/dt*| is less than the sum of the three expressions 


where the C’s are constants, s is any integer greater than p+j, and 
|t| <7. It follows easily from this fact that 


1 1 
(19) sc— for — <|t| <r. 
dati vi? 


We now use (18) and (19) to prove 


| 
| 
| 
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by splitting the integral in (20) into two parts, ['%,,+fe=A+B, 
where R is the complement of [—1/», 1/v] in [—z, x]. 
A=— | ¢| | + 


Cott f | t |’ + #). 


Hence 

1 l/y 

A Cyi*!.— x’ + t) 
2 2n+1 
2n+1 

Furthermore 


1 _, 
B = — file | + 4), 


so that by (19), 


1 2x 
— t 
Now 
1 1 
(x + xx)? (1/v + (24/(2n + 1))j)? 
1 
= of ] 
3 (1/» + (24/(2n + 1))j)? 
du 
¥ o (1/v+ 4)? 
2 1 
= 2 y? = 
Thus 


1 2r 2n+1 
BsC—- 


2a 


= 
— 

| 
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and (20) is proved. 

To see that the integral in (17) can be made arbitrarily small by 
taking v sufficiently large, we choose a 5>0 small enough so that 
for | <6, and split the integral into two parts ,+ /s=A+B,S 
being the complement of [—6, 5] in [—z, x]. Since by (19), 
| ¢| i| diK?(t)/dt‘| approaches zero uniformly in S, we see that B =o0(1) 
as yo. Furthermore 


1 i di P 
A —f t|'-| — K, (0) | + 2) 
3 dti 


€ di P 
dati 


Thus A+B can be made arbitrarily small by choosing v sufficiently 
large. 

Thus (13) is established and our theorem is proved. 

It is not difficult to see that if f has a jth derivative (j<) at each 
point of an interval a Sx 3d and that derivative is bounded (continu- 
ous) there, then the expression under the limit sign in (7) is uni- 
formly bounded (convergent) in that interval. 

It should be noted that a slight alteration in the proof of (20) 
yields the fact that if f has a pth derivative at the point x’, then 


d? 
f) = o(log x). 
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